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Definite Integration & Its Application / “_

IDefinite Integration & its Application I

Newton-Leibnitz formula.

b
Let di (F(x)) =f(x) V x € (a, b). Then jf(x) dx = lim F(x)— lim F(x).
X 3 x—b~ x—a*
b
Note : 1. If a>b,then jf(x) dx= lim F(x)— lim F(x).
x—b* x—a~
2. If F(x) is continuous at a and b, then = F(b) — F(a)
z dx
Example#1: Evaluate [ —————
T (x+1)(x+2)
. 1 1 1 . .
Solution : = - (by partial fractions)
(x+)(x+2) x+1 X+2
2
.[ o dx = [ﬁn(x+1)—€n(x+2)]2 =/n3—-/n4—-/n2 +(n3 = (n [gj
T (X+1)(x+2) 1 8
Self practice problems :
Evaluate the following
> 2 p 3
5x 2 3 X
1 — dx 2 2sec“x+x°+2) dx (3
A -!x2+4x+3 @ -([( e ) ®) -([1+SeCX
5 3 nt T i b1 2
Ans. 5- =19 =—-/(n = 2 - +2 3 — - —+2/n|—
() 2( 4 2) @ Toaat2* TN [ﬁj

Property (1) Tf(x) dx = Tf(t) dt

ie. definite integral is independent of variable of integration.

Property (2) .Tf(x) dx =— _Tf(x) dx

b b
Property (3) jf(x) dx = jf(x) dax + jf(x) dx, where ¢ may lie inside or outside the interval [a, b].

X+3 : x<3

5
, thenfind |f d
341 x=3 o -Z[(X) X

Example#2: Iff(x) = {

3
Solution .S[f(x) dx = _?ff(x) dx + j'f(x ix+3 ax + I (8x*+1) d ={X—22+3x} + [x3+x]z
2 3 2 3

2 2

9-4 +3(B83-2)+53-33+5-3= 211
2 2
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Definite Integration & Its Application /

8
Example#3: Evaluate j|x—5| dx.
2

8 5 8
Solution : [Ix=5]dx = [(-x+5) dx+ [(x—5)dx =9
2 5

2

(&)

2 2
Example#4 : Show that j(2x+1) dx j2x+1 + j (2x +1)
0

5

o

Solution : LHS. =x?+xP, =4+2=6 ; RH.S.=25+5-0+(4+2)—(25+5)=6
LH.S.=R.H.S

Self practice problems :

Evaluate the following

4 [Ax=1]+]x=3])3dx

(5) I[x]dx where [x] is integral part of x.

(®) z[]

Ans. (4 10 (5 3 6) 13

Property (4) If(x) dx =j.(f(x)+f(—x)) dx = 2?.“()() dx , if f(-x)=f(x) ie. f(x) is even

- 0, if f(-x)=-f(x) ie. f(x) is odd
1 X —X
Example#5: Evaluate J' 8 +§x dx
-1
1 X -X 1 X -X -X X 1 X -X X
Solution : | 3 +3X ax = | 3 8% 8743 - 3" +3* (@3 +3)
5 143 5 \ 1+3" 1+37" o U 1+3" 1+ 3"

—j(3*+3-X)dx_ 3 _3) (8 _3')_ [L_L) 1 [g 1] 8
5 (n3 (n3), n3 (n3 (n3 (n3 n3 3] 3/n3

Example#6 : Evaluate cosx dx.

—yo A

A

T

2
cosx dx = 2_[ cosx dx=2 (- cos x is even function)

—o | 3

Solution :

N a
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Definite Integration & Its Application /

Example#7 : Evaluate j Iog{2 Xj dx.
J, 2+Xx

Solution:  Let f(x) = log, (2 Xj = f(x)=log, (“_X] = —log, (2‘ Xj = —f(x)
2+X 2- 2+ X
. . . : 2-x
ie. f(x) is odd function jloge — | dx =0
hé 2+X
Self practice problems :
Evaluate the following
(7) j| x| dx 8) fsiw xdx.  (9) f secxdx
-1 - n - ki 1 + 2X .
2 1
Ans. (7) 1 @ 0 9  n (ﬁ + 1)

f(x) dx = j‘ f(a+b—x) dx. Further T f(x)dx = j f(a—x) dx

a

Property (5)

D —

g (sinx)
g (sinx)+g (cosx)

g (cosx) dxe ©
g (sinx)+g (cosx) T4

° Hz)] "
TEE )

Example#8 : Prove that dx =

O v |3
O t——y |3

g (sinx)
g (sinx)+g (cosx)

Solution : Letl = dx = I =

Oy V| 3
O t——n |3

_ ? g (cosx) dx
5 9 (cosx)+g (sinx)
on adding, we obtain

21 = .E[ g (sinx) + g (cosx) dx = JE‘ dx 1=
5 \g (sinx)+g (cosx) g (cosx)+g (sinx) 5 4
Self practice problems:
Evaluate the following
- 2
10 . 11
(10) -([1+smx (M) -([5|nx+cosx
2 ysinx cosx 7 dx
12 dx. 13 —_—
(12) -([sm X +cos* x (13) l1+«\/cotx
12
T Tl:2 T
Ans. (10 11 —— log, (1++2 12) — 13) =
(1) = (1) sy, (1442)  (12) 5 (13) ¢
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Definite Integration & Its Application / “_

Property (6) Tf(x) dx = T(f(x)+f(2a—x)) dx =1

Example#9 : Evaluate jcotx.cos2xdx

Solution : Let f(x) = cotx cos2x
= f(n — Xx) = cot(n—x) cos2(n—x) = —cotx cos2x = — f(x)

" j cotxcos2xdx =0

Example#10 : Evaluate I d—x2
o 1+3c0s” x
. 1 t dx
Solution : Let f(X)= ———— = fmr—x) =f(x) = j —_—
1+3cos® x o 1+3cos”x
2 2 gop? 2 sop? 2
=2J- dx - .[ sec >2< dx P J- sec x2dx= tan”' tanx
o 1+3cos” x 5 1+tan“x+3 o 4+tanx 2 0

X—n/2-

tang is undefined, we take limit= lim  tan™ (ta\%j_ tan™ (%j =1/2-0=1/2

Example#11 : Evaluate : [(cot™ x)*dx
0

©

Solution : LetI= j(cot‘1 x)’dx = Letx=coto = dx = — cosec?0 do
0
0 3
I = jez(—oosecz 0)do = I= Iez(cosecz 0)do
g 0
/2 % %
= (6*(-cot)) "+ 2[6 coto do = 1=0+2[0 coto do
0 0

Standard result

(2eﬂnsin9)g/2—2 (nsin® do

—0-2 x (—gjznz = /n2.

Oy |3

2
J'Cnsmede = —Cn2
0

Self practice problems :

Evaluate the following

2 (e (1+x°) z tan x 1 .
(14) !{Tde. (15) !mdx (16) ! n sm[ng dx.

Ans. (14) w2 (15) g€n2 (16)  —n2

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005

®
Qesonance Website: www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow [ o8 5555 | CIN: UB0302RJ2007PLC024029

ADVDI-4



mailto:contact@resonance.ac.in

Definite Integration & Its Application /

Property (7) If f(x) is a periodic function with period T, then

(i) nJIf(x) dx =n .T[f(x)dx, nez

(if) aTTf(x) dx =n }f(x) dx,nez acR
(i) nij(x) dx = (n—m)

mT

f(x) dx, m,n e z

O t—y

f(x) dx,ne z,aecR

_
=
—

—_
—
x
[oX
x
Il
ot—»

nT
b+nT

(v) j f(x) dx

a+nT

b
[f(x) dx,nezabeR

5
Example#12 : Evaluate je‘x’ dx , where {.} denotes the fractional part function.

Solution : j e™ dx = (5— (-3))] e™dx = sj e’dx = 8(e ) =8 (e-1)
-3
1000 n
Example#13 : Evaluate j | cos2nx [dx
”: n—1
1 1000 1000
Solution : jlcosanl dx + j|cos2nx| dX + ........ + j | cos2nx | dx = j | cos2nx | dx
0 1 999

Now |cos2nx| is a periodic function of period 1/2
1

2
[=2000 [|cos2mx |dx = 1=2000 x 2 = 4000
0

Self practice problems :

Evaluate the following
41

2
(17) Jezx'[zx]dx, where [] denotes the greatest integer function.
-1

(18) 'ef | sinx | dx (19) T (sin* x + cos* x)dx
43 19 3n
Ans. (17) = (e-1) 18 - 19 =
Leibni _ " dFx) ., ,
eibnitz Theorem : If F(x) = j f(t) dt, then Vel h'(x) f(h(x)) — g'(x) f(g(x))
g(x)
h(x)
Proof : Let P(t) = [f(t) dt = F(x)= jf(t) dt = P(h(x)) — P(g(x))
g(x)
dF(x) , , , , ,
= = P'(h(x)) h'(x) = P"(9(x)) g'(x) = f(h(x)) h"(x) =T (9(x)) g'(x)

Example#14 : If F(x _[«/tan dt , then find F'(x).

Solution : F'(x) = 2x . Jtanx?® —1. Jtanx
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3

Example#15 : If F(x) = J‘

|

dt then find F’(e)

nt
2 2
Solution:  F)= X _ 2X _ X X _XX=1) oy pe) = S8 L gy
nx nx nx  Inx Inx Ine
Example #16 : Evaluate : LirOn IM
x—0" X
Solution : Applying L’ hospital rule
. 2xsinxtanx .1 (sinx)(tanx 1
Lim ———— = Lim—- |— || —|= =
x->0" 4x° x>0 2 X X 2
Example#17 : Let f(x) =j(t—1)(t—2)2 dt, then find a point of minimum
0
Solution : f(x) = [(t=1)(t-2)" dt
0
fix)=(x-1) (x-2)
—00 1 2 00
= x =1 is the point of minimum
b 1 5 17 17 .. , -
f(1) = j(t3—5t2+8t—4)dt = —— = +4-4=—— . Hence (1, ——) is a point of minimum
5 4 3 12 12
1 Xb _
Example#18 : Evaluate , j / ‘b’ being parameter.
A
1 b 1 yby
Solution : Let I(b) = j X1 dx = di_(b) = I x_(nx dx + 0 — 0 (using modified Leibnitz Theorem)
o Inx db o Inx
1 xe T
—ij dx = == 1Ib)=( (b+1) +c
5 b+1],
b=0 = I0)=0 .. ¢c=0 oo I(b) =¢n (b+1)
Example#19 : Evaluate Jl M dx , ‘a’ being parameter
o xa1-x? ,
1 -1 1 1
. tan™'(ax) dI (a) X 1 dx
Solution : Letl(@)= | ——— dx = = dX=| ——m——
'([ X1—x2 da 'c[ (1+a°x®) xJ1-x2 '<[ (1+ax®)W1-x?
Put x =sin t = dx =costdt
LL :x=0 = t=0
UL :x= = t= =
2
M=I 21_2 COStdt=J‘%
da o 1+a°sin“t cost 5 1+a“sin“t
2 sec?t dt 1 5 1 n
= = tan-' (J1+a° tant} = .=
'([ 1+(1+a2)tan2t *;1-1-3.2 ( ) 0 1+a2 2

= 1(a) = g o (a+«/1+a2) +CBUt1(0)=0 =c= 0=1I()= g n (a+x/1+a2)
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Self Practice Problems :

XS

(20)  Iff(x) = j cos t dt,

0

(21) Find the equation of

X x3

(22) If jf(t)dt =X — jf(t—t)dt then find f(1)

0 X

(23)  Iff(x)= [x*(nt dtthen find f(e)

4x?

24 If y= [ t*e*'dt, Find—
(24) Ify= | ™

4

x2 2
(25)  If y= [¢n(+1)dt , then findd—}zl
0 dx

X2 (1+x)

(26) It | f(t)dt = x then find f(2)

0

(27) Evaluate j[n (1+bcosx) dx, ‘b’ being parameter.
0

Ans. (20) 3x® yJcosx®

(23)  ex(6e-1)

(25) % (26 + (1 +x)n(1 +x)] (26)

find f (x).
< dt
tangent to the y = F(x) at x = 1 , where F(x) = f -
x AT+t
d’y
2
1)  2x-y=2 (22) 23

(24)  2048¢'%¢

1 27) x fn {1*— “‘sz

Reduction formulae in definite Integrals:

1.

Proof :

T

2 _
If1, = j sin"x dx , then show that I = (n_1j I
n
0

I = | sin"x dx

n

O3

I,=[-sin""x cosx]s +

n-2

i

(n—1) sin"?x . cos’x dx =(n—1)

O t——|a
Oy 3

ki ki3
2 2
s anN—2 H|

=(n-1) J sin"“x dx — (n-1) j sin"x dx =T +(n-1)I =(n-1)T ,

0 0

n-1
In = In—2
n
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Oy | 3
o‘—.l\)\a

Note : 1. sin" x dx cos" x dx
2. I = [n—1j (n—Sj (n—Sj ..... I, 0r I, according as n is even or odd. I, = =, T, = 1
n n-2)\n-4 2
(n—1j(n—3)[ - ) (1] T .
........ —| .=, if nis even
n n-2)\n-4 2 2
Hence I =
n-1)n=3)n-5) . 2] 1, if nis odd
n n-2)\n-4 3
4 1
2, If1 = j tan"x dx,thenshowthatl +1 , ==
! _
i i
Proof : I = j(tanx)"’z.tanZX dx = _[ (tanx)"? (secx — 1) dx
0 0
% % n-1 :
_[ (tanx)"? sec?x dx — _[ (tanx)"? dx _{(tanx) } -1,
° 0 n-1 |
1 1
I =— -1 L +1 .= ——
n n_1 n-2 n+ n-2 n_.]
P m-—1
3 If1,, = [ sin"x . cos"x dx, then show that I, = o
nd T om+n ’
2 . sin . cos™'x 2 2 cos™ x .
Proof:1_ = j sin™'x (sinx cos"x) dx = |- + j (m —1) sin™2 x cos x dx
S n+1 s o n+1
N2 Nz
= (m 1JJ' sin™2 x.cos" x.cos? x dx = (m—jj (sin™* x.cos" x —sin™ x.cos" x)  dx
n+1)y n+1)y
_(m=t) m_—1) Lo (1+m_—1j Im=(m_—1j -
n+1 ’ n+1 ' n+1 ’ n+1 ’
In (m 1} Im—2n
T Am+n '
Note : 1. m-3 m=S ) . I,, or 1, according as m is even or odd.
m+n/\m+n-2)\m+n-4 ' :
; ; 1
I, = _[ cos"xdx and I, I sinx.cos" xdx = —
T 5 n+1
2. Walli’s Formula
(m=1) (m-3) (M-5) ......... (n=1) (n—-3) (n-5)....... T when both m, n are even
(m+n) (m+n-2) (m+n-4)........ 2
Im,n=
(m=1) (m-3) (Mm-5) ........ (n=1) (n-3) (n-5).......

otherwise
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e

2
Example #20 : Evaluate I sin®x cos®x(sinx + cosx) dx.

2

1
(30) [ x® sin”'x dx
0

Solution : Given integral = J' sin®x cos®x dx + j sin®x cos®x dx
; :
3
=0+ 2_[ sin®x cos®x dx (- sin® cos?x is odd and sin3x cos®x is even)
0
_p 12 _ 4
531 15
Example#21 : Evaluate [ xsin’ xcos®x dx
0
Solution : LetI= [ xsin’xcos®x dx
0
I= j(n—x) sin’(m—x) cos®(m—x) dx == J' sin’ xcos® xdx — J' xsin’ xcos® x dx
0 0 0
2
=2l=n.2 J.Sin7X.COSGXdX:>I=nM _ A8n
2 13.11.9.7.5.3.1 9009
Example #22 : Evaluate : Ixs’Z«/a—xdx
0
Solution : Put x = a sin20 = dx = 2a sin® cos6 do
Lower limit: x =0 = 06=0
Upper limit x = a :>e=g.
a 2 4
.[xm\/a—xdx = j2a4 sin® Ocos® 6d0 =2a4xE.(5'31)(1) _ oma
° 5 2 8642 128
Self Practice Problems:
Evaluate the following
(28) j sin'"x dx (29) j sin®x cos*x dx
0 0
a 7 2
(31) j x (a®=x*)2 dx . (32) j x¥2 2-x dx.
0 0
9
Ans. (28 128 099 8 gy _16 gy 32) X
693 315 14 245 9 2

Property (8) If y(x) <f(x) <¢ (x) fora<x<b,then
b b

[w(x) dx < [f(x)

dx < T¢(x) dx

Resonance”’
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b
Property (9) Ifm<f(x)<Mfora<x<b,thenm (b-a)< jf(x) dx <M (b-a)

/\p

b
Further if f(x) is monotonically decreasing in (a, b), then f(b) (b — a) < .[f(x) dx < f(a) (b —a) and if f(x) is

b
monotonically increasing in (a, b), then f(a) (b —a) < If(x)

Property (10) | [f(x) dx | < j | f(x) | dx
b
Property (11) If f(x) > 0 on [a, b], then jf(x) dx >0
1 1
Example#23 : For x € (0, 1) arrange f (X)) =—— ,f (X)) =——— andf
P €(0.1) ge f,(x) 9-x? ) 9-2x? o) 9-x%-x
1 1 1
and hence prove that — /n2 ————dx —— /n5
P 6 <~[ 9 —x° 62

dx < f(b) (b —a)

Solution : 0<x¥<x?,forallx e (0,1) = X2 < X2 + X3 < 2x?
= —2X% < — X2 = X8 < —x? = 9-2x2<9—x2-x%<9—x?
N 1 - 1 - 1
9-x* 9-x*-x® 9-2x°
f.(x) <f,(x) <f(x) forx e (0, 1)
1 1
=N _[f1(x) dx < _[fS( dx < jf
0 0
1 1
dx dx dx
=
'([9—X2 ;[Q—xz—x3 J9—2x2
1( 13+x|) _F  dx ml3+2x|)
= —| {n <j 3
6L 13-x|), 39-%x*—x |3 2x),
= l€n2<j[ dx < ! nS
6 09 -x>-x° 62
£ (5-x 6
Example#24 : Prove that 1 <I ( 2jdx<—
o \9—x 5
Solution : Let f(x) = 5_X2
9-x
L f(x) = — % = f'(x) = 0 or not defined = x =1
- X

Then f(0) = 5/9, f(1) =

| =

interval [0,2] are respectively , equal to f(2) = 3/5 and f(1) =

1

N

in ascending order

, f(2) = 3/5 The greatest and least values of the integrand in the

2
(2—0)1<j[5—xj dx < (2-0)3/5 Hence 1< j(f’ X}ix<—
2 " lo-x 9—x 5
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;
Example #25 : Estimate the value of Iexzdx using (i) rectangle, (ii) triangle.
0

Solution : (i) By using rectangle

1
Area OAED < _[exzdx < Area OABC
0

;
1<J.exzdx<1.e ¢ B
0

1< j[e*zdx <e

(¢] 1 A
(i) By using triangle
1
Area OAED < _[exzdx < Area OAED + Area of triangle DEB
0
1 2 1 1 2 e+1
1<Iexdx<1+ —.1.(e—-1) 1<Iexdx<—
0 2 0 2
1 » 1
Example #26 : Estimate the value of je* dx by using _[exdx.
0 0 e
Solution : For x e (0,1), e <e 2
<
1 1
- 1x1<jexzdx<jexdx :
0 0

;
1< je*zdx <e-1
0

Self practice problems :
1 1
(33)  Provethe following :  [e™cos®xdx < [e™ cos®x dx
0 0

T

(34) Prove the following : 0 < |sin™ x dx < jsm X dx,n>1

Oy | 3

1

;
(35) Prove the following : e ¢ <jxxdx <1
0

1,3
(36) Prove the following : — 1 < IX 0032X dx < 1
2 5 2+x 2
g T
(37) Prove the following : 1 < _[ sin x dx < \E
0
n/3
(38) Prove the following : J tanx 3\F

n/4
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Definite Integration & Its Application /

Definite Integral as a limit of sum

/\p

Let f(x) be a continuous real valued function defined on the closed interval [a, b] which is divided into n
parts as shown in figure.
y

y =f(x)

[o) aa+ha+2h

The point of division on x-axis are a, a + h, a + 2h

» X
................ a+(n-1)h a+nh=b

.......... a + (n—1)h, a + nh, where b-a = h.
n

Let S, denotes the area of these n rectangles.

Then, S, = hf(a) + hf(a + h) + hf(a + 2h) +

........ +hf(a + (n = 1)h)

Clearly, S is area very close to the area of the region bounded by curve y = f(x), x—axis and the
ordinates x = a, x = b.

b
Hence j f(x) dx = Lt S,
b n-1 n-1 _ _
[10 dx = Lt ¥ hf@+m) = Lt > (b—aj f(a+(b 3) rj
5 n— o -0 n— o -0 n n
Note :
1. We can also write

S, =hf(a + h) + hf (a + 2h) +

2.

dx = Lt Zn:

n—ow
r=1

......... + hf(a + nh) and j' f(x)

g

n-1

Ltzlf

n— oo =0 n

1
lfa=0,b=1, [ f(x) dx
0

Steps to express the limit of sum as definite integral :

Example#27 : Evaluate Lt

Step 1. Replace % by X, % by dx and Lt by [

Step 2. Evaluate Lt E%j by putting least and greatest values of r as lower and upper limits
n— oo

respectively.

pn
Forexample Lt >’

Solution :

f(x) dx (- =0, Lt

n— o

+ (&)

1 1 1 1
+ + F e +—
{1+n 2+n 3+n 1 n}

|

n—ow
r=1

n— o

9n
Lt{1+1+1+ ......... +L}=Lt L
noe | 1+n 24n 3+n 10n now = r4n
o 1 1

Lt >

n— oo

Resonance”’
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Example#28 : Evaluate Lt n+12+ 2+22+ 2+32+ ......... .
n“+1 n“+2° n°+3 n
r
1+—
Solution : Lt z n+r . 1 n2 r =0, whenr =1, lower limit = 0
n—ow r—1 n +r n—>w =1 n r n—ow n
1+ —
n

and Lt (—j = Lt (Ej =1, when r = n, upper limit = 1
n

b1+ x : 1
-([1+x2dX=;[1+ EJ

1

~ dx =[tan"'x]', + [% Ioge(1+x2)}

0

e {n o lon

1

| \n
Solution : Lety = lim ((?—n)nj = /ny=Ilm 1 /n (
n—ow n n n—o n

| \n
Example#29 : Evaluate : lim (_(2n) nJ

(2n)!J

nln"

_im L m (2n(2n—1)(2nn—2)....(n+1)j
noe n

=lim Z [/n(1 +r/n)] = j[n1+x)d = (x(n(1+x))y — %dx
ner 3 1+Xx

= (x(n(1+x))j— (X=0n(1+x))y =/(n2—(1-/n2) = /nd/e =y = 4/e

Self Practice Problems :

Evaluate the following limits

2 2
(39) lim 1+ N + N + e +l
e ln o (n+1)° (n+2)° 8n

(40) lim 1 + 1 + ! +oeenn +l
e | 1+n 2+n 3+n 5n

(41) lim l2 sin3£+23in3@+33in33—n+ ........ +nsin® 1T
now 4n 4n 4n 4n
= 1
(42) lm Z N2 _r2
1
(43) lim | tan— tan@ tan'?’—7r ...... tann—Tc "
n— 2n 2n 2
Ans. (39) g 40) 5 ‘F (52 — 157)
(42) g (43) 1
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Definite Integration & Its Application / “_

Area Between The Curve :

Area included between the curve y = f(x), x-axis and the ordinatesx=a,x=>b
b
(a) If f(x) >0 for x € [a, b], then area bounded by curve y = f(x), x-axis, x =aand x = b is J' f(x) dx
y = f(x)
a b
Graph of y = f(x)

Example#30 : Find the area enclosed between the curve y = x? + 2, x-axis, x =1 and x = 2.

Solution : o5

| x¥1 x=2
Graph of y = x2 + 2
2

Area = ‘!'(x +2)dx_{3 +2x}1 = 3

Example#31 : Find area bounded by the curve y = /n x + tan-'x and x-axis between ordinates x =1 and x = 2.
Solution : y = {n X + tan-'x

Domain x>0, ﬂ = — 4+

1
dx x| 1+x?

yisincreasingandx =1,y = % =y is positive in [1, 2]

2 2
Required area = j (fn x+tan"'x) dx = {xfnx—x+xtan“x—%ﬁn(1+x2)}

1 1

=2/2-2+2tan'2 - %£n5—0+1—tan-11+ %an

2 mo-l msiotan2- T
2 2 4

Note : If a function is known to be positive valued then graph is not necessary.

Example#32 : The area cut off from a parabola by any double ordinate is k times the corresponding rectangle
contained by the double ordinate and its distance from the vertex. Find the value of k ?
Solution : Consider y? =4ax,a>0 and x= ¢

c 8 (c,2y/ac)
Area by double ordinate = 2_[2\/5«/; dx =3 a c*?
0
Area by double ordinate = k (Area of rectangle) e
2\/5 =k 4fa c? =k =§ (c.-2+ac)
Figure

: ADVDI-14
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Definite Integration & Its Application / “_

(b) If f(x) < 0 for x e [a, b], then area bounded by curve y = f(x), x-axis, x = a and x = b is —

f
_T f(x) dx

/
Graph of y = f(x)

Example#33 : Find area bounded by y = log, X and x-axis between x =1 and x =2
2

Solution : A rough graph of y = log, x is as follows
2

2 2
Area=—j|og1xdx =—Ilogex.log1e dx
1 2 1 2
‘\ 2
1%\
= —log;e . [x log,x—x[ =-log;e .(2log2—2-0+1)=—log,e .(2log,2—1)
2 2 2

2

0

Note : If y = f(x) does not change sign in [a, b], then area bounded by y = f(x), x-axis between
b

j f(x) dx

a

ordinates x =a, x=bis

(c) If f(x) > 0 for x € [a,c] and f(x) <0 for x € [c,b] (a < ¢ < b) then area bounded by curve y = f(x)

c b
and x-axis between x =aand x=b is Jf(x) dx —jf(x) dx

Example#34 : Find the area bounded by y = x® and x- axis between ordinates x = -1 and x = 1

0 1
Solution : Required area = j—xsdx + jxsdx
-1 0

|: X4 :|0 |:X3 :|1 )
= | —-—— + | — 2
4 -1 4 0 !

Graph ofy = x*

Note : Most general formula for area bounded by curve y = f(x) and x- axis between ordinates x =aand x=b

is _T|f(x)|dx
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Area included between the curve x = g(y), y-axis and the abscissasy=c,y=d

(a) If g (y) >0 fory € [c,d] then area bounded by curve x = g(y) and y—axis between abscissay = ¢
and
d
y=dis [ g(y)dy
y=cC
y
— y = d
X =g(y)
— y=c

— X

Graph of x = g(y)
Example #35 : Find area bounded between y = cos-'x and y—axis between y = g andy =T
Solution : y = Ccos™' X = X=CO0SYy
Required area = —jfcosydy
2

y
A

S

—1 0 1 X

v

Graph of y = cos'x

=—siny]x =1
2

Example #36 : Find the area bounded by the parabola x? =y, y-axis and the liney = 1.

\& E___ A

Solution : Graph of y = x?
1 1
2
Area OEBO = Area OAEO = ||x|dy = dy = —
£ I x| dy l Jy =3

Example #37 : Find the area bounded by the parabola x2 =y and liney = 1.
Solution : \& E a/ v

N

[o]

Graph of y = x2
Required area is area OABO

1 1
= 2 area (OAEO) = 2j|x|dy = 2N§ dy=%.
0

0
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Example#38 :

Solution :

Note :

(b)

For any real t, x =% (et+et),y= % (et — e™) is point on the hyperbola x2 — y? =1.Show that the

area bounded by the hyperbola and the lines joining its centre to the points corresponding to t,
and -t ist,.
It is a point on hyperbola x2 — y? = 1.

e'l+e ety e

2 T2
Area (PQRP) =2 jydx =2 j Jx2 —1dx
1 1

el e
2,

2
=2[i \/x2—1—% ﬁn(x+«/x2—1)} .8 e t,
1

2 4

t, —t, b At 2t -2t
AreaofAOPC,)=2x1 e +¢e € —-¢ - ¢ e
2 2 2 4

Required area = area AOPQ — area (PQRP) =1,

If g (y) <0 fory e [c,d] then area bounded by curve x = g(y) and y—axis between abscissay = ¢

d
andy =dis —[ g(y)dy

y=C

General formula for area bounded by curve x = g(y) and y-axis between abscissa y = ¢ and
. d
y=dis [ la(y)ldy

Curve-tracing :

(a)

To find approximate shape of a curve, the following phrases are suggested :

Symmetry:

(i)

(i)

(iif)

Symmetry about x-axis :
If all the powers of 'y' in the equation are even then the curve (graph) is symmetrical about the
X-axis.

a>0
E.g.:y?=4 ax.
Symmetry about y-axis :

If all the powers of 'x" in the equation are even then the curve (graph) is symmetrical about the
y-axis.

a>0
E.g.:x2=4 ay.
Symmetry about both axis :

If all the powers of 'x' and 'y’ in the equation are even, then the curve (graph) is symmetrical
about the axis of 'x' as well as 'y' .

E.g.: x2+y2= a2
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s (iv) Symmetry about the liney=x:
If the equation of the curve remain unchanged on interchanging 'x' and 'y', then the curve
(graph) is symmetrical about the line y = x.

a >O
E.g.: x® +y® =3 axy.
(v) Symmetry in opposite quadrants :
If the equation of the curve (graph) remain unaltered when 'x' and 'y' are replaced by '—x' and '-
y' respectively, then there is symmetry in opposite quadrants.

\
<

E.g. : xy =c?
(b) Find the points where the curve crosses the x-axis and the y-axis.
(c) Find g_y and equate it to zero to find the points on the curve where you have horizontal
X
tangents.
(d) Examine intervals when f(x) is increasing or decreasing
(e) Examine what happens to 'y’ when x — co or x - —

Area between two curves
If f(x) > g(x) for xe[a,b] then area bounded by curves (graph) y = f(x) and y = g(x) between ordinates x =
b

aand x =bis [(f(x)-g(x)) dx .

i

=g(x
x=ay 9 x=b

Example#39 : Find the area enclosed by curve (graph) y = x2 + x + 1 and its tangent at (1,3) between
ordinates x =—2and x = 1.

Solution : gy =2X + 1

dx

gy =3atx=1

dx

Equation of tangent is \
y-3=3(x-1) s
y= 3x i i

x=1

1 x=—2
Required area = J-(x2 +x+1-3x) dx
-2

1 3 1 ] 8
= I(x2—2x+1) dx =2 —x% +x =(__1+1j - {___4_2} =9
b 3 , \3 3

b
Note : Area bounded by curves y = f(x) and y = g (x) between ordinates x =aand x =b is _[| f(x)—g(x) | dx.
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Example #40 : Find the area of the region bounded by y = sin x, y = cos x and ordinates x = 0, X = n/2

n/2

Solution : [ Isinx —cosx| dx
0
n/4 n/2
[ (cosx—sinx) dx + [ (sinx—cosx) dx =2(2-1)
0 n/4

Example #41 : Find the area contained by ellipse 5x? + 6xy + 2y? + 7x + 6y + 6 =0

Solution : 5x2 + 6xy + 2y2 + 7Xx + 6y +6 =0
— + — —
2y2 + 6(1 4 %)y + 5% + 7x + 6 = 0 Ly o SUEx)E 2(3 X)(x~1)
Clearly, the values of y are real for x [1,3]
A
y
x 0
(0,-3)
(0,-6)
vy P (x.y1) y=9(x)
whenx =1,wegety =—3 and,x=3=>y=-6
Let f(x) = =3(1+ x)+ 2(3 —x)(x—=1) and , g(x) = =3(1+x)— a/2(3 = x)(x—=1)

required area =

[{g(x) — f(x)}dx

3 3
= ‘I\/—x2+4x—3 dx = |:%(X—2) J-x2 +4x-3 +%sin‘1 [gﬂ

1 1

dx = ‘}«/12—(x—2)2

1

[ -] -

sq. unit

N a
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Miscellaneous examples

Example#42 : Find the area contained between the two arms of curves (y — x)? = x5 between x =0 and x = 1.

Solution : (y—Xx2?=x=y=xxx52
For arm
y=x+x¥2= d—y=1+E x¥2 >0 x> 0.
dx 2

y is increasing function.

For arm
y=X—X5/2:>d—y =1- §X3/2
X 2
1/3 > 1 1/3
E=0 = X= 4 ,u=—é X2 <0atx= ij
2 25 dx? 4 25
4 \'"3
atx= | — , ¥ = X —x%2 has maxima
25
1 1 227
2 X 4
Required area = 52 _ 52y dx =2 [x%2ax=2""_| = 2
qui !(x+x X+Xx7'¢) dx jx X 12 Z

Example#43 : Let A (m) be area bounded by parabola y = x2 + 2x — 3 and the line y = mx + 1. Find the least
area A(m).
Solution : Solving we obtain
2+(2-m)x—4=0
Leta,pberoots > a+B=m-2,af =—4

A (m)

x® x? ’
= | ——+(mM-2) —+4x
3 2 ;

—%(B2+Ba+a2)+¥(ﬁ+a)+4

B
j —x2 + (M —2)x + 4)dx

B
j mx+1—x —-2x+3)d

3 _n3 _
a B+m2

S o)+ 4(B-o)

=B —al

= J(m-2?2+16 ‘—%((m—2)2+4) + (m2_2)(m—2) + 4‘: «/(m—2)2+16‘%(m—2)2+§

3/2 1

A(m) ((m-2)°+16) " = 5= Least A(m) =

32
16)02 = 22
(16) 3

1
6
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Example#44 : A curve y = f(x) passes through the origin and lies entirely in the first quadrant. Through any
point P(x, y) on the curve, lines are drawn parallel to the coordinate axes. If the curve divides
the area formed by these lines and coordinate axes in m : n, then show that f(x) = cx™" or f(x) =
cx"m (c-being arbitrary).

Solution : Area (OAPB) = xy = Area (OAPO) = [f(t) dt
0

y=f(x)

B P(x, y)

Figure

Area (OPBO) = xy~— [f(t) dt = ~red (OAPO)_m
o Area (OPBO) n

n[f(t) dtzm(xy—jf(t) dtj = n[f(t) dt=mx f(x)-m [f(t) dt
0 0 0 0
Differentiating w.r.t. x

f'(x)

() = m () + mx fe(x) = m f(x) = ~ )1
f(x) mx

f(x) = cxmm
similarly f(x) = cxmn

Self practice problems :

(44) Find the area bounded by the curvesy =e*,y = [x — 1| and x = 2.
(45) Compute the area of the region bounded by the parabolas y? + 8x = 16 and y? — 24x = 48.

(46) Find the area between the x-axis and the curve y = /1+cos4x ,0<x <.

(47)  What is geometrical significance of
3n

n 2
(i) [leosx| dx (i) [cosx dx
0 0
(48) Find the area of the region bounded by the x-axis and the curves defined by y = tan x,

where = <x<l andy =cot x . | where ESXS@
3 3 6 3

(49) Find the area bounded by the curves x = y?2 and x = 3 — 2y2.

(50) Find the area bounded by the curve y = x2 — 2x + 5, the tangent to it at the point (2, 5) and the
axes of coordinates.

(51) Find the area of the region bounded by y =x —1 and (y — 1)2=4(x + 1)

(52) Find the area of the region lying in the first quadrant and included between the curves
x2+y?=3a% x? =2ayandy?=2ax.a>0
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(53)

(54)
(55)

(56)

Ans.

Find the area enclosed by the curves y = —x> + 6x — 5, y = —x? + 4x — 3 and the straight line
y =3x—15.

Find the area bounded by the curves 4y = |4 — x?|, y =7 — [X|

Find the area bounded by the curves x = [y2—1|andy = x — 5.

Find the area of the region formed by x2 + y2 —6x —4y + 12<0, y <x and 2x < 5.

44,

46.

47.

48.

50.

51.

54.

(e?—2) sq. units 45, 32 \/g sq. units
2.2 sq. units
(i) Area bounded by y = cos x, x-axis between x =0, x = 7.
(ii) Difference of area bounded by y = cos x, x-axis between x =0, x = g and area
bounded by y = cos x, x-axis between x = g X = 32_n .
3 .
n > 49, 4 s@. units
8/3 sq. units
64/3 sq. units 52. a2 ﬁJrgsin’1 1 sq. units 53. ] sq. units
3 2 3 6
32 sq. units 55. 109 sg. units  56. E+1—ﬁ sg. units
6 6 8 8
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Bl Exercise-1

= Marked questions are recommended for Revision.

PART - | : SUBJECTIVE QUESTIONS

Section (A) : Definite Integration in terms of Indefinite Integration, using substitution

and By parts

A-1 Evaluate :
13/y2 4 1
i | M dx (ii)= j x cos(tan™' x)dx
> Wx 0
A-2 Evaluate :
I . F o dx G e .
) | ———— ii iii dx (iv) [ «Jcos@sin®6 do
();[ox2+2x+2 ()%x«/x2—1 ( )-([1+x ) !
A-3 Evaluate :
1 2[” X 1
i) |sin”'x dx i dx i) |x2sin"'x dx.
M | :
0 1 X 0
A-4 Evaluate
n/3
() j f(x) dx where f(x) = Minimum {tanx, cot x} V x e (0, gj
0
1
(i) f f(x) dx where f(x) = min {x+1, ¥1-x}
-
;
(i) = Jf(x) dx where f(x) = minimum (x|, 1 = |x|, 1/4)
-1
A-5 Evaluate
! 2x t xtan'x
[ sin™ dx i) dx
) -([ (1+x2j (i) 3.[(1+x2)3’2
r @ 2x
(iii) = .H(x—a)(b—x) dx,a>b (iv) J‘tan{ 2} dx
: 0 1-x
A-6 Evaluate :
¢ dx y X ... "®  sinxcosx
i ii dx iii X
0 -([ex+e’X ) -([1+\ﬁ ) '([COSZX+SCOSX+2
n/2 . /4 .
. sin20 do SinX + CoS X
(iv) J — ) _[ —_———
o Sin*0+cos” 0 o 9+16 sin2x
? 1
A-7 (i) Find the value of a such that Ix—dx = 32.
0 €+ 4e7* +5
(n/2)"3
(ii) Find the value of J' x°. sinx® dx
0
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Definite Integration & Its Application /

Section (B) : Definite Integration using Properties

. b a .
B-1. Letf(x)=/n (1_S!nx],then show that j f(x) dx = jfn (1+s.|nx
1+sinx . 5 1-sinx
B-2. Evaluate:
2
(i) j[xz] dx (where [.] denotes greatest integer function)
0
(ii) j JT+ sin2x dx
0
2 § f()()<[2x2+1 0<x<1
(iii) jf(x)dx where 3x 1<x<2
0
4
(iv) J|x2—4x+3|dx
(V) J‘[cot‘1 x]dx  (where [.] denotes greatest integer function)
5
(vi) j | X+ 2| dx
-5
|
(vii) = f[cos’1 x]dx (where [.] denotes greatest integer function)
B-3. Evaluate:
1 n/4 n/4
0) [e" dx (ii) [ 1sinx|dx (i) _x+n/4
5 x4 ?.2-cos2x
"¢ 900 -9(-x)
(iv) Jsinsxcos4x dx (v) 220 2 T dx
% vz H=x)+1(x)
B-4. Evaluate
/2 /2 sinx a
O e LR N B R N o CHS
5 sinx ++/cosx 5 e +e s Jx +a-x
/2 /2
(iv) jasmx+bcosx dx (V) s.,mx—cosx2 dx
o Sinx+cosx 5 (sinx+cosx)
B-5 Evaluate
2 [ dx
i sin(sinx) + sin(cos x)} dx _—
0 g{ ( ) +sin( i (W -([ 5+4cos2x
i T 1) dx
iya. | (2 tnsinx—/n sin2x)dx (iv)a jcn( j
0 5 1+ x2
®
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Definite Integration & Its Application /

B-6.

B-7.

Evaluate :

(i) .2[{2x} dx
1T(| sinx|+|cosx|) dx

(ii)
[x] dx

(iii)
{x} dx

Ot—5 |ot—— 5 o

2nn
(l sinx | {
0

sinx

)

(where function {.} denotes fractional part function)

, where [x] and {x} are integral and fractional parts of xand n € N

D dx (where [ ] denotes the greatest integer function and n € 1)

If f(x) is a function defined V xeR and f(x) + f(—x) = 0 V xe {—g %} and has period T, then prove that

[f(t) dt is also periodic with period T.

a

(x)

Section (C) : Leibnitz formula and Wallis' formula

C-1.

C-2.

C-4.n

C-5.»

X2 t
i If f(x) =5 and g(x) = | ———
(i () 9(x) !m e
d%_wcost dt
(ii) The value of Lim —%—-——
=0 {—Jcosx
(iif) Find the slope of the tangent to the curve y = jcos’1t2 dt at x
(ys  Iff)= [ sin"t dt + [ cos™vt dt
0 0
(i) Find the value of x for which function f(x) =I
-

minimum

X

Ify = J.x\/mtdt

1
2

then find the value of d—z atx=e
dx
1/n
tan™ (nx)dx
. 1/(n+1 .
lim ulal is equal to
j sin”' (nx)dx

1/(n+1)

dt, then find the value of f'(+/2 ).

1
42
then prove thatf'(x) =0 V x € R.

tet—1) t—1) (t - 2)% (t — 3)° dt has a local

Let f be a differentiable function on R and satisfying the integral equation

xjf(t)dt— jtf(x—t)dt =e*—-1 Vx e R, thenf(1) equals to
0 0

/\
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Definite Integration & Its Application / “_

C-6. Evaluate :

n/2

(i) jsinzxcoszx(sinx+cosx) dx (ii) jxsin5x dx
-n/2 0
2 2n

(iii) j x¥2J2-x dx (iv) j X (sin? xcos? x) dx
0 0

SECTION (D) : ESTIMATION & MEAN VALUE THEOREM

D-1.» Prove the following inequalities : —

0 B nfsﬂdx Y2 (i 4sj B+x)dx < 2430
8 4 X 6 d

D-2.=. Show that

|

1 x° 1
) —— < | ——=dx<—
()10\5 -([\/Hx 10

1
o1 tanx T
) —=(n2 dx < —

(i) 2 <E[1+x2 2

2
D-3.= (i) Show that Isinx.cos«/? dx = 2sinc.cos+/c for some ce(0, 2)
0

4
(i) f(x) is a continuous function x € R, then show that J-f(x)dx = 20Lf(oc2) some a € (1, 2)
1

Section (E) : Integration as a limit of sum and reduction formula

E-1. Evaluate :

n-1 -1
i Lim

. .3 n n n n
(i) = Lim = |1+ + + F e + |—
now n+3 n+6 n+9 n+3(n-1)
1 2n
(iii) lim — (Z(san + 2n2r)j
n—oo n =1
n/4 1
E-2. (i) If 1,= [ tan"x dx , then show that I, +1,_, = —
: _
n/2 n—1
(s 1, = j (sinx)"dx, neN. Showthat I = 1 , vn>2
0 n
Section (F) : Area Under Curve
F-1. Find the area enclosed between the curve y =x®+3,y=0,x=-1,x=2.

F-2. (i) Find the area bounded by x2+y2-2x =0and y = sin %X in the upper half of the circle.

(i) Find the area bounded by the curve y = 2x* — x2, x-axis and the two ordinates corresponding to
the minima of the function.

(iii) Find area of the curve y2 = (7 — x) (5 + x) above x—axis and between the ordinates x = -5 and
x=1.
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Definite Integration & Its Application / “_

F-3. Find the area of the region bounded by the curve y? = 2y — x and the y-axis.

F-4.=_ Find the area bounded by the y-axis and the curve x =eYsinny, y=0,y =1.

2

2
F-5. (i) Find the area bounded in the first quadrant between the ellipse :_6 + Y _1 andthe line

9
3x + 4y =12
(ii) Find the area of the region bounded by y = {x} and 2x — 1 =0, y = 0, ({ } stands for fraction part)

F-6. Compute the area of the figure bounded by straight lines x = 0, x = 2 and the curves y = 2* and
y = 2X — X2
F-7.= Let f(x) =+/tanx . Show that area bounded by y = f(x), y = f(c), x =0and x =a, 0 <c < a < % is

- a
minimum when ¢ = >

F-8. Find the area included between the parabolas y? = x and x = 3 — 2y2.

F-9. A tangent is drawn to the curve x> + 2x — 4ky + 3 = 0 at a point whose abscissa is 3. This tangent is
perpendicular to x + 3 = 2y. Find the area bounded by the curve, this tangent and ordinate x = — 1

F-10.= (i) Draw graph of y = (tan x)", n € [0, ﬂ N, x e {0, ﬂ Hence show

0<(tanx)™" < (tanx)", x e (0, %)

(i) Let A, be the area bounded by the curve y = (tan x)" and the lines x = 0, y = 0 and x = n/4.
Prove thatforn>2,A +A_,=1/(n-1) and deduce that 1/(2n+2) < A < 1/(2n-2).

PART - 1l : ONLY ONE OPTION CORRECT TYPE

SECTION (A) : D.I. IN TERMS OF INDEFINITE INTIGRATION, USING SUBSTITUTION AND BY PARTS

A-1. If jL - I , then x can be equal to :
t)NtE-1 6
2 4
A) — B) \3 C)2 (D) —
(A) 5 (B) (C) B
1
. dx T,
A-2.  The value of the integral jz— where 0 < o < —, is equal to:
o X~ +2xcosa +1 2
(A) sin o (B) a sin a (C) (,X (D) % sina
2sina 2
-1 2
A-3.  Iff(x) = X xS , then J' x*f(x) dx is equal to :
x=1 x2>1 5
4 5 5
A) 1 B) — C) = D) =
(A) (B) 3 (C) 3 0 5
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Definite Integration & Its Application / “_

1
A4, 111(0) =1,(2) =3, (2) = 5 and (0) is finite, then [x . f” (2x) dx is equal to
0

(A) zero (B) 1 (C)2 (D)3

A-5. j [t + 2cosx| dx is equal to :
0

) % (B) (©)2 0) Z+243

3
A-6. The value of j(| x =2 | Hx])dx is ([x] stands for greatest integer less than or equal to x)
-1
(A) 7 (B)5 (C) 4 (D)3

©

A-7. _[ [2e7] dx> where [ . ] denotes the greatest integer function, is equal to :
0

(A)O (B) fn 2 (C) e? (D) 2e
A-8 I & dx is equal to
/nr—/n2 (2 Xj
1-cos| —e
3
1 1
A) B3 B) -3 C) — (D) ——
(A) (B) (€) N N
e? 2 _x
A9x IfI= | X and1, = [ dx, then
2 (n X T X
AT =1, B)21, =1, © =21, (D) I, +1,=0
"t x . sinx
A-10. [ Z=7= dxequalsto:
5 COS” X
T 1 T 1 b b1
A = +— B) — - — C) - D) — +1
()4+2 ()42 ()4 ()4+
9
4
A-11. The value of the definite integral I [\/2x—ﬂf5(4x—5) + \/2x+ﬂf5(4x—5)} dx is equal to
3
2
2.2 4 35
A) 445 - — B) 445 C) 443 — = D)—
(A) 45 - = (B) 445 (€) 43 -3 05
todx i .
A-12. |f =— ,then xis equal to
«!2\#@—1 6
(A) 4 (B) /n 8 (C)yn4 (D) fn 2
® 2
A'13. J.% dX=
5 X +7x° +1
T T T
A B) — C) - D) =
(A)m (B) 5 (C) 3 (D) 5
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Definite Integration & Its Application /

Section (B) : Definite Integration using Properties

B-1.

B-3.»

B-4.

B-5.

B-6.

B-7.

B-8.

B-9.

n+1

4
Suppose for every integer n, . j f(x)dx =n® The value of If(x)dx is :
-2

(A) 16

n

(B) 14 (C)19 (D) 2

Letf: R — R, g : R — R be continuous functions. Then the value of integeral

w15 Ji0= 1)

dx is:

" g[f][g(X)w(—X)

(A) depend on A (B) a non-zero constant (C) zero (D) 2

X3

1
cot™'| XXX lax is equal to
1+ x*
3

(A) 21

0
J{XS +3x°
2

(A) -4

1
Ixﬁn(1+e"
-1

(A) 0

3/2

|

(A) 37 + 1

The value of definite integral is _f

(B) (o (D)=

N a

+3Xx+ 3+ (x+1)cos(x+1)} dxis equal to

(B)0 (C) 4 (D)6

)ax =

1

(B) /(1 + e) (C) (1 +e) -1 (D) 1/3

2

If J|xsinnx| dx =L , then the value of k is :
T

(B) 27 + 1 (C) 1 (D) 4
2

T
4 dx

0 1+sin\/;+cos\/;

nin?2 nin2

(Aymin2 (B) 5 (©) 2 (D) 2% In2
3+/mn3 )

fn (4+x) dx is equal to :
s oms N (A+X)+(n (9-X)
(A) cannot be evaluated (B) is equal to g
(C)isequalto1+2/n3 (D) is equal to % +/n3
The value of the definite integral | = jxa/1+ |cosx| dx isequalto

0

(A) 242 = B) V2 =« (C)2 = (D) 4n

/\
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Definite Integration & Its Application / “_

/2
B-10. The value of J' (n|tanx+cotx | dx is equal to :
0

(A) 7 fn 2 (B) —n /n 2 (C) g m2 (D) — g€n2
1 1
B-11. Letl = [ “x j X dx ,then L is
0 0 I2
(A) 3/e (B) e/3 (C) 3e (D) 1/3e

[x]
B-12. The value of j {x} dx (where[.]and{.} denotes greatest integer and fraction part function
0

respectively) is

® 31 (8) 214 ©) ﬁ (D)
B-13. f [z] % , (where [ ] denotes greatest integer function) then value of k is
(A) 1 (B) 101 (C) 110 (D)121

Section (C) : Leibnitz formula and Wallis' formula

>

C-1.  f(x)= Iert , then f' (1) is equal to

x

(A) e (B) 2e (C) 262 -2 (D)e?—e

C-2. f(x)= j (t—1)(t—2)%(t—3)%(t—4)° dt (x > 0) then number of points of extremum of f(x) is
0

(A) 4 (B)3 (C)2 (D) 1
x+h
[ et dt- jfntdt
C-3.»a LhIT(I)’[ - equals to :
2/nx .
(A)O (B) fn2x (C) (D) does not exist
X

C-4. The value of the function f(x) =1+ x + j (fn2t + 2 ¢nt)dt, where f'(x) vanishes is:
1

(A) e (B) 0 (C) 2e (D) 1426
C-5.= If jcost2dt = ISI—M dt, then the value of dy is
dx
2sin® x 2sinx? 2sinx? sinx?
) x cos? B) xcosy? © 2 ® 2
y y X (1—23in y ] y
2
1
C-6. If [t* (f(t) dt=(1 —sinx), thenf| —| is
e ot )
(A) 1/3 (B) 1/4/3 (C)3 (D) V3
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a
C-7. Thevalue of Lim 1 _[In(1+ex) dx equals
0

a—w a2
(A)O (B) 1 (C)% (D) non-existent
X .
c8.  fx)=| STX%%Y gy then
ye+y+1
(A)f'(x):OVx:n?n,neZ (B)f'(x):OVx=(2n+1)%,neZ
C)f'"xX)=0V x=nm,neZ D)f'x)=0 VvV xeR
n/2
C-9. I sin* xcos® xdx is equal to
0
6 2 2 2
A) — B) — C) — D) —
()35 ()21 ()15 ()35

1
C-10. _[ x2(1—x)3 dx is equal to

A 50 ® 3 ©) ®) 55

SECTION (D) : ESTIMATION & MEAN VALUE THEOREM

3
D-1.= Letl= .HX4+X2 dx, then
1
(A)I> 610 B)I< 242 (C) 242 <1< 610 (D)I<1

2n
D-2.w I= I SN XS gy then
0
(A) med <1 < 2ned (B) 2rne®* <1<2ne®  (C)2ned <1< 2ne* (D)0<I<2n

D-3.» Letf"(x)>0,f'(x) >0, f(0) =3 &f(x) is defined in [-2, 2]. If f(x) is non-negative, then

0 2 2 1
(A) jf(x)dx > 6 (B) J.f(x)dx >12 (C) If(x)dx >12 (D) J.f(x)dx >12
-1 -2 -2 -1
D-4. Let mean value of f(x) = 1 over interval (0, 2) is %fnS then positive value of c is
+C
(A) 1 ® 1 ©) 2 D) 2
2 2

SECTION (E) : INTEGRATION AS A LIMIT OF SUM AND REDUCTION FORMULA

n 3
E-1.  Im Z( 4r 4] equals to :

1 1 1
(A) fn 2 (B) 52 (©) g2 (D) 2
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E-2.

E-3.n

E-4.

E-5.

3n

Lt >— isequalto :
n=>e0 r=2n+1 r-—n
2 3 2 3
A) /n ,|= B) /n — C)/n= D) /n—
(A) 3 (B) 5 (&) 3 (D) 5
> > 1/n
lim Knizj [1+2—2j (1+”—2H is equal to ;
n—oo n n n
en/2 2
(A) 5 (B) 2 e2e™? (C)— e™ (D) 2 e
2e e

. T . T . 2% . (n=1Nm | .
lim — |sin—+sin—+.....+sin is equals to :
n n n n

n—o

(A) 0 (B) 1 (C) 2 (D) 3

1
Let 1 = I (1-x3)"dx, (neN) then

0
(A)3n1 =(Bn-1)1_ vnx2 (B)(3n—1)L =3n1_vn>2
C)Bn-NI =@Bn+1)I ,vnx2 (D)@Bn+1)I =3nI ,vnx2

Section (F) : Area Under Curve

F-1.

F-3.

F-4.

F-5.

F-6.

The area bounded by the x-axis and the curve y = 4x —x2 -3 is

(A 3 (B) 9 ©) - (D) 81

Let f:[0, o) — R be a continuous and strictly increasing function such that f (x) = jt f2(t) dt ,x>0.
0

The area enclosed by y = f(x

=~

, the x-axis and the ordinate atx =3 is

3 5 7 1
A = B) = C) - D) —
() 3 ®) 3 © 3 () 5
The area bounded by the curve y = e* and the lines y = Ix—1],x=2is given by:
(A)e2+1 (B) e2-1 (C)e2-2 (D)e-2
The area bounded by y =2 — |2 — x| andy = |3—| is:

X
() 23 n 3 () 1=2 3 ©%im3olims
2 2 2 2

/\
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F-7. The area bounded by the curve y2 = 4x and the line 2x -3y + 4 =0 is

A) 3 ® 3 ©) 3 (D)

w| o

F-8.  The area of the region bounded by x=0,y=0,x=2,y=2,y<e* andy>/nx, is
(A)6—-4/n2 (By4d/m2-2 C)2/m2-4 (D) 6—2¢n2

F-9.w» The area between two arms of the curve |y| = x3 fromx=0to x =2 is
(A) 2 (B) 4 (C) 8 (D) 16

F-10. The area bounded by the parabolas y = (x + 1)2and y = (x — 1)2 and the line y = % is

(A) 4 sqg. units (B) % sQ. units (C) %sq. units (D) % sQ. units

PART - lll : MATCH THE COLUMN

;
1. Let Lim (sinx +sinax)?dx =L then

T
Column - | Column- I
(A) fora =0, the value of L is (

(B) fora =1 the value of L is (
(C) fora=-1thevalueof Lis (r) 3/2
(D) (

(

D)vVvaeR-{-1,0, 1} the value of L is s) 2
t) 1
2. Column -1 Column -1I
(A) Area bounded by region 0 <y<4x—-x2-3 is (p) 32/3
(B) The area of figure formed by all the points satisfying the () 1/2
inequality y>< 4 (1 —|x|) is
(©) The area bounded by |x| + |y| <1 and |x| > 1/2 is () 4/3
(D) Area bounded by x <4 —y2and x>0 is (s) 16/3

Bl Exercise-2 |

w. Marked questions are recommended for Revision.

PART -1 : ONLY ONE OPTION CORRECT TYPE

1
1. The value of j ({2x} —1) ({3x} —1) dx, (where { } denotes fractional part of x) is equal to :
0
19 19 19 19
A) — B) — C) — D) —
()36 ()144 ()72 ()18

100 10

2 If | f(x) dx=a,then Uf (r-1+x) dx]:

o

0 r=

(A) 100 a B) a (G)o (D)10 a
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t
3. lim Itan 0+/cos 0 £n(cos0)dd is equal to
ta[g 0
(A) -4 (B) 4 (C)-2 (D) Does not exists
0 where x =—"_ n=1,2 3 g
4. If £(x) = ’ T+t T , then the value of _[f(x) dx .
1 , else where 0
(A) 1 (B)0 (C)2 (D)
5. If je’xz dx = g , then je’axz dx wherea>0is:
0 0
w L ® L= © 2% o 1 [
2 2a a 2 \a
4
2Yi
4 i=1 X
6. If Z(sin‘1 X; +cos™] yi) =6m,then [ xIn(1+x?) 5 | dxis equal to
i=1 4 1+
2 Xi
i=1
17
(A) 0 (B) e* +e™ (C)In (ﬁ] (D) e*—e™
7. The tangent to the graph of the function y = f(x) at the point with abscissa x =1 form an angle of n/6

and at the point x = 2, an angle of n/3 and at the point x = 3, an angle of n/4 with positive x-axis. The
3 3
value of j f'(x) f"(x) dx + j f* (x) dx (f"(x) is supposed to be continuous) is :
1 2
+31 @ 2 © 4B 0 2-\B
33 2 3 3

(A)

t t

1 a _
8= Let A= j © dt, then _[ _° dt has the value :
0 a-1

1+1 t—a-1
(A) Ae=? (B) — Ae— (C) —ae (D) Ae?
2 2
9. J'sz “(1+2¢nx)dx is equal to
1
(A) 256 (B) 255 (C) 2% (D) 128
cosecH
10. If f(x) is a function satisfying f[lj + x2 f(x) = 0 for all non-zero x, then I f(x) dx equals to:
X sin®
(A) sinB + cosecH (B) sinz6 (C) cosec? 6 (D) none of these
G .G . G - :
11. If ==+ —+—==0,where C,, C,, C, are all real, the equation C,x? + C,x + C, = 0 has:
1 2 3
(A) atleast one root in (0, 1) (B) one root in (1,2) & otherin (3,4)

(C) one root in (—1,1) & the other in (—5, —2) (D) both roots imaginary
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12. If f(x) = j(2cosz 3t+3sin®3t) dt, f(x + n) is equal to :
0

(A) f(x) + 2f(n) (B) f(x) + 2f (gj (C) f(x) + 4f(%j (D) 2f(x)

13.=  Letf(x) = _[ dt and g (x) be the inverse of f (x), then which one of the following holds good?
0

(A) 29" =¢? (B) 2g" = 3g? (C) 3g" = 292 (D) 3" = g2

2 1
14.» Let f(x) is differentiable function satisfying 2jf(tx)dt =x+2,VxeRThen I(8f(8x)— f(x) — 21x) dx
1 0

equals to

(A)3 (B)5 €7 (D)9
1
153 Let I = J'x”(tan’1 x)dx, n e N, then
0

A+ +(n=1)I ,=—+

. % v nz3 B (n+ND +(n-1) =

C)n+NHI —(n=1)1 =§+ v nx3 D)+ —(n=1)1_,=

n-2

n/2
165 If, u, = [ x"sinxdx, then the value of u,, + 90 u, is :
0

wls) e e

tanx cotx

1
17.=».  The value of — dt +
1Je1 t2 L t(1+1%)

(A)O (B) 2 (C) 1 (D) cannot be determined

dt, where x e (n/6, n/3), is equal to :

18. Let A1 = j U f(t) dtj duand Az = I f(u).(x — u) du then % is equal to :
0 0 0 2

1
(A) > (B) 1 (C)2 (D) -1
1/n
195 lim |sin~ . sin@ . sin% ....... sin(n_ ) is equal to :
now 2n 2n 2n
1 1 1 3
A) — B) — C) — D) —
() 5 B) 5 © ()
20. Area bounded by the region consisting of points (x, y) satisfying y <v2-x2 ,y?>x,.Jy = —xis
(A) g (B) n (C) 2n (D) /4
21, The area enclosed between the curves y =log,(x + e), X = Ioge(lj and the x-axis is
y
(A)2 (B) 1 (C) 4 (D)3
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22.n

23.»

24,

25.

26.%

27.

28.

29. %=

30.

The area bounded by the curve x = acos®t, y = a sin®tis

2 2 2
3na B) 3na (C) 3na
8 16 32

(A) (D) 3na?

The area bounded by the curve f(x) = x + sin x and its inverse function between the ordinates x = 0 and
X =2mis

(A) 4 (B) 8n (C) 4 (D) 8

P2, 2), Q(-2, 2), R(-2, —2) & S(2, —2) are vertices of a square. A parabola passes through P, S & its
vertex lies on x-axis. If this parabola bisects the area of the square PQRS, then vertex of the parabola
is

(®) (-2,0) (B) (0,0) © [-2.0) (©) (1,0

The ratio in which the curve y = x? divides the region bounded by the curve; y = sin (n_zxj

and the x—axis as x varies from 0to 1, is :
(A)2:w (B)1:3 C)3:n (D) (6—m): =

lf f(x) = sin X, ¥ X e [o, g} LX) +f(n—x)=2. Vxe (g n} and f(x) = (2 —x), x e(x, 2n] , then

the area enclosed by y = f(x) and x-axis is

(A) (B) 2r (C)2 (D) 4
The area bounded by the curves y = x &%, y = x e* and the line x = 1
2 2 1 1
(A) = B)1-— €) - Db)y1-—
e e e e

Obtain the area enclosed by region bounded by the curves y = x /n x and y = 2x — 2x2.
(A) 7/6 (B) 7/24 (C)12/7 (D) 7112

The area of the region on plane bounded by max (|x|, |y|) <1 and xy < % is

(A)1/2 + fn 2 (B)3+ /M2 (C) 31/4 (D)1+2m2

Consider the following statements :
2n

S;:  Thevalueof [cos™(cosx) dx is
0
S, ™= Area enclosed by the curve |[x —2| + |y + 1| = 1 is equal to 3 sq. unit
b 2 2
S;: If di f(x) = g(x) fora < x < b, then jf(x)g(x)dx equals to w .
X a

S,: Area of the region R={(x,y) ; x*<y<x}is %

State, in order, whether S, S,, S,, S, are true or false
(A) TFTT B)TTTT (C) FFFF (D) TFTF

/\
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PART-II: NUMERICAL VALUE QUESTIONS

INSTRUCTION :

The answer to each question is NUMERICAL VALUE with two digit integer and decimal upto two digit.
If the numerical value has more than two decimal places truncate/round-off the value to TWO decimal

R/
*
R/
*

placed.
4 5,2
1. The value of integral .[3)2(—+13dx is
3 (%2 1)
TE
2. LetU = 'fmax \/_smx cosx) dxand V = jx sgn (x — 1)dx. If V = AU, then find the value of A.

-3

6
[Note : sgn k denotes the signum function of k.]

100

. L 100 0 F(x) f(x) 4,
KRN Let f(x) be a function satisfying f(x)=f| — | vx>0. | f ——=dx =5 then find the value of .[
X T X

4. Evaluate
1002 1003

dx j {10032 — x2 dx

2005
I\/100.22 X +\/10032—x 1502

I 1-x2 dx
0

n/2
5= The value of integral J‘\/sinZG.sinedeis
0

= k, then find the sum of squares of digits of

natural number k.

n/4

6= Letl = I(1+tanx )°dx , I, = | —————— then find the value of L

-._,_‘

5 0 1+x (1+x?) I,
! 2
7. Find the value of [Iet (2t +t+1)dt]
0
8. If I—dx is equal to /nk , then find the value of k.
X+1+e*
9. If f, g, h be continuous functions on [0, a] such thatf(a —x) =f (x),g (a —X) =—g (x)

and 3 h (x) —4 h (a — x) = 5, then find the value of I f(x) g (x) h (x) dx
0

n/2 T
10 1500 = 3™ vy e (0 ], If k [ 10 f[%—xjdx: [ f(x) dx then find the value of k.
X 0 0
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11.

12.

13.

14.=

15.

16. =

17.

18.

19. =

20.

21.n=

22.%

23.

T a?sin?x+b?cos?x
Evaluate: | V———F>5—

5 dx, where a2 + b? = 3% a? = b? and ab = 0.
X
0

a*sin®x +b* cos

2n
I|\/1_5$inx+cosx|dx
0

3n+a

Let a be a real number in the interval [0, 314] such that I | x—a—-m]| sin(%}dx =—16, then determine
—n+a

number of such values of a.

& 1 1 . 1
Value of ———|is | Note that tan™'x+c = dx
Z:(4n—3 4n—1j { " -“1+x2 J

n=1

1 1
Iff(x)=x+jt(x+t) f(t) dt, then the value of the definite integral jf(x) dx is
0

0
If f(x) = (ax + b) e* satisfies the equation : f(x) = j e7V'(y)dy —(x2 —x+1)e*  , find (a2 + b
0

T

X
If the minimum of the following function f(x) defined at 0 < x < g.f(x) = J do

0

2do
+|—— is equal to
cos0 Xsme

¢n(k) then value of k is

If f(r) = = and j(f(x) +f"(x)) sin x dx = 7=, then find the value of f(0)
0

(it is given that f(x) is continuous in [0, «t])

X 5-x
Let f(x) = 2x® — 15x2 + 24x and g(x) = Jf(t) dat + _[ f(t) dt (0 < x < 5). If g(x) is increasing in the
0 0
interval (0,p] then value of p is

1—x if 0<x<A1 .
Let f(x) = |0 if 1<x<2 and function F(x) = j f(t) dt. If number of points of discontinuity in
(2-x)* if 2<x<3 0
[0, 3] and non-differentiablity in (0, 3) of F(x) are o and B respectively, then (o — B) is equal to.
. . . . 256
Find the value of m (m > 0) for which the area bounded by the liney = mx + 2 and x = 2y — y? is 3
square units.

Find area bounded by y = f(x), x = 10, x = 4 and x-axis given that area bounded by y = f(x), x =2, x =6
and x-axis is 30 sq. units, where f(2) = 4 and f(6) = 10. (given f(x) is an invertible function)

Consider a line ¢ : 2x — «ﬁy =0 and a parameterized C : x =tant,y = %[O <t< g]

If the area of the part bounded by ¢, C and the y-axis is equal to %Kn(k) , where a, b, e N, b, is not

perfect square then find the value of (a + b)

A
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PART - lll : ONE OR MORE THAN ONE OPTIONS CORRECT TYPE

T X
1.x= ————— dxequalsto:

'([(1+x)(1+x2) a
T s

A = B) =

(A) 2 (B) 5

. K dx
(C) is same as j (D) cannot be evaluated

5 (1+x)(1+x2)

b
2. The value of integral J‘m dx,a<bis:
o X
(A)b—a if a>0 (Bya—b if b<O (C)b+aif a<0<b (D)|b|-]a]
! dx
3= If1 = .[ ————— ;n € N, then which of the following statements hold good?
0 (1 + x2)
. n 1
(A)2nl ,=2"+(2n—=1) 1 (B)I2=§+Z
1 e 5
C)l,= =~ —— D)L= - — —
©L=35"7 OIL=16"28
4 The value of integral j xf (sinx)dxis:
0
b n/2 n/4
(A) g j f (sinx) dx (B) = I f (sinx) dx (C)O0 (D) 27 I f (sinx) dx
0 0 0
2n
5. If 1= [ sin®xdx, then
0
T /2 2n n/4
(A)T=2 [sin®xdx (B)I=4 [sin®xdx  (C)I= [cos®xdx (D) =8 [ sin®xdx
0 0 0 0

6.2 Given f is an odd function defined everywhere, periodic with period 2 and integrable on every interval.
Letg(x) = [ f(t) dt. Then :

0

(A) g(2n) = O for every integer n (B) g(x) is an even function
(C) g(x) and f(x) have the same period (D) g(x) is an odd function
e* e X
7. Letf:R—Rbedefinedasf(x)= [ + [ -9 then
S+t 7 1+t
(A) f(x) is periodic (B) f(f(x)) =f(x) vx e R

(©) f(1)=1'(1) =
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8.m lfabeRtthenlim Y— "  isequalto
e = (k+an)(k +bn)
Ay —— iRl Ly B —— n2eN L
a-b a@+1) a-b  b(a+1)
(C) non existentifa=Db 1 ifa=Db
a(1+a)
X+ 2
0. Let f(x) = j 1sin6[d0  (x < [0, x])
X
(A) f(x) is strictly increasing in this interval (B) f(x) is differentiable in this interval
(C) Range of f(x) is [2—\/5, 1] (D) f(x) has a maxima at x = g
2
10. If f(x) is integrable over [1, 2], then j f(x) dx is equal to :
1
18 r 1 & r
A) lim — fl — B) lim — fl —
w () @ g 2 (3
1S (r+n 123 (r
C) lim — fl — D) lim — fl —
© im 355 © %)
|
2
11.a Letl = .[ dx where n > 2, then
o N1=x"
1 1
AL <= B)I > — C)l < — D)I > —
(A1, < ¢ ®)1,> ¢ ©)1,< 3 (D)1,> -
12. If f(x) = 2%, where {x} denotes the fractional part of x. Then which of the following is true ?
1 1 1 100
A) f is periodic B) |2Mdx =— C) |2™dx =log, e D) | 2"dx =100log, e
(A) fis p ()! — ()! 9, <)! 9,
13. Letf(x)= j| 2t—3|dt, thenfis
0
(A) continuous at x = 3/2 (B) continuous at x = 3
(C) differentiable at x = 3/2 (D) differentiable at x = 0
14. Letl, = J-(sinx)”dx, n e N, then
0
(A) 1, is rational if n is odd (B) I, is irrational if n is even
(C) 1, is an increasing sequence (D) 1, is a decreasing sequence
15.2 Let f(x) be a function satisfying f(x) + f(x + 2) = 10 ¥xeR, then
(A) f(x) is a periodic function (B) f(x) is aperiodic function
7 7
(C) J.f(x)dx =20 (D) J.f(x)dx = 40
-1 -1
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16.

17.=

18.=

19.

20.

21. =

T sinz(nx)
LetIn=I — dx ,n e N, then
o Sin“x
(A) In+2 + In = 2In+1 (B) In = In+1
(C)1,=nn (D) L, I, I,.....1 are in Harmonic progression

9
Let f(x) be a continuous function and I = J‘\/;f(x) dx , then
1

(A) There exists some ¢ € (1, 9) such thatI = 8\/Ef(c)

(B) There exists some p, q e (1, 3) such that I = 2[p? f(p?) + o? f(g?)]
(C) There exists some o € (1, 9) such that I = 9\/af(oc)

(D) lff(x) >0 Vx e[1,9] =1>0

Let A = jm—xdx then

(A)A>2(e—%j (B)A<(e—1)(2+ﬁ]
(C)A>(e—1)[2+%j (D) A< (e -1) S
b

Let f(a, b) = j(x2 —4x+3)dx, (b > a) then
(A) f(a, 3) is least when a = 1 (B) f(4, b) is an increasing function Vb > 4
(C) f(0, b) is least forb =2 (D) min{f(a, b)} = —%
Letl J.( j dx & I is a finite real number, then

> 2 41 2X+1

1 1 5 1 5
(A) L = > B)r=1 (C) 1= Eﬂn[gj (D)I=Z,€n[ZJ

Let f(x) be a strictly increasing, non-negative function such that f'(x) < 0 Vx € (a, B) & I = jf(x)dx

(B > a), then
(A) 1< [ Bj(ﬁ %) ®)1> [ Bj(ﬁ %)
(©)1> 1 (&) + (BB —0) O)1< 2 (i) + (BB —0)

/\
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22,

23.

24.»

25.x

26.

27.

28.

T . Y 3 .
XSsinXx X~ sIinX
L = —dx , 1, = dx, then
1 -([1+coszx 2 -([(nz—37rx+3x2)(1+cos2 X)
2 2
AT = = B)1,= — © 1, =1, D)1, > 1,
8 4

x2 x2
Isin\/fdt J.sin\/t-dt

LetL, = lim L L,= lim 2——— then identify the correct option(s).
T 50" X—sinx x—>0" X —Sinx
(AL, =4 B)Ly+L,=8 C)Ly+L,=0 (D) ILs| = L4l

(M +2¢ 43+ ... +n%)

lim = F(k), then (k e N
noo (2422 4+ +n?)( P +2% 4. +n%) ) ( )
(A) F(K) is finite for k < 6 (B) F(5) =0
12 5
C)F(®6)= — D) F(6) = =
() F(6) = = (D) F(6) = 2
n-1 n
LetT, = ,S. =Y ——— then
;rz—Zrn+2n A rz=():r2—2r.n4r2n2

(AT >S_ vneN (B)T. > = (C)S. <= (D) lim S, = =

n n n 4 n 4 N0 4

|
If (tx)dt, where f' (x) is a continuous function such that f(1) = 2, then
0

(A) f(x
(C) f(x

) is a periodic function B)f'(x)=0
)i

is an even function (D) f(x) is an odd function

Area bounded by y = sin~'x, y = cos~'x, y = 0 in first quadrant is equal to :

1/42 1 n/2
(A) I (sin~" x)dx + j (cos™" x)dx (B) j (siny —cosy)dy
0 1/2 n/4
n/4
(C) J. (cosy —siny)dy (D) (v2 —1) sq.unit
0

Let f(x) be a non-negative, continuous and even function such that area bounded by x-axis, y-axis & y =
f(x) is equal to (x2 + x3) sg. units ¥x > 0, then

n n
A) Y f(r=3n*+5nvneN (B) > f'(r) =6n®+5nvneN
r=1
(C)f(x) =3x% + 2x V¥ x <0 (D) f(x) =3x%2 —2x ¥ x <0

/\
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29.w Let'c' be a positive real number such that area boundedbyy=0y = [tan‘1x] from x = 0 to x = ¢ is equal

30.

to area bounded by y = 0, y = [cot™" x], from x = 0 to x = ¢ (where [*] represents greatest integer
function), then

(A) c =tan1 + coti (B) ¢ = 2cosec?2 (C) c =tan1 — cot1 (D) ¢ =2 cot2

Area bounded by y = X2 — 2|x|and y = —1 is equal to

1

A) 2 J.(2x—x2)dx
0

(B) % sq. units

(C) % (Area of rectangle ABCD) where points A, B, C, D are (-1, -1), (-1, 0), (1, 0) & (1, -1)

(D) 2

3 (Area of rectangle ABCD) where points A, B, C, D are (-1, -1), (-1, 0), (1, 0) & (1, -1)

PART - IV : COMPREHENSION

Comprehension # 1

v(X)
If y= j f(t) dt , let us define j_y in a different manner as j—y =V'(x) f2(v(x)) — u'(x) f2(u(x)) and the
X X

u(x)

equation of the tangent at (a, b) asy—b = (j—ij (x—a)
(a,b)

Ify =I t* dt , then equation of tangent at x = 1 is

(A)y;x+1 B)x+y=1 C)y=x-1 (D) y =x
If F(x J?e dtthendiF()atx=1is

(A)O (B) 1 (C)2 (D)-1
Ify_x_[ (nt dt , then lim o

(A)O (B) 1 €)2 (D)-1

Comprehension # 2

4,

/n  (1+xcosH)

0 . T

Let f(t, x) dx.Theng'(t)= | — (f(t, x)) dx. Consider f(x) = do.
alt) j g'(t) iat(( ) () J p—r
Range of f( ) is
—T s —Tl:2 Tl:2

A) (0, B) (0, w2 C)|—, = D) | —, —
(A) (0, 7) (B) (0, ) ()(2 2] ()(2 2]
The number of critical points of f(x), in the interior of its domain, is
(A)O (B) 1 (C)2 (D) infinitely many
f(x) is
(A) discontinuous atx =0 (B) differentiable at x = 1
(C) continuous at x =0 (D) None of these

A
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Comprehension # 3

N
-
J

If length of perpendicular drawn from points of a curve to a straight line approaches zero along an
infinite branch of the curve, the line is said to be an asymptote to the curve. For example, y-axis is an

asymptote to y = /nx & x-axis is an asymptote to y = e

Asymptotes parallel to x-axis :
If lim f(x) =e (afinite number) then y = e is an asymptote to y = f(x). Similarly if lim f(x) = o, then
X—>00

X—>—00

y = a is also an asymptote.

Asymptotes parallel to y-axis :
If limf(x)=o0 or limf(x)=-o ,then x = ais an asymptote to y = f(x).
X—a X—a

Number of asymptotes parallel to co-ordinate axes for the function f(x) = % is equal to :
(A) 1 (B)2 (C)3 (D) 4

Area bounded by y = 22—X1 , it's asymptote and ordinates at points of extremum is equal to (in square
X~ +

unit)
(A) /n2 (B) 2¢n2 (C) tn3 (D) 2¢n3

Area bounded by y = x?e* and it's asymptote in first quadrant is equal to (in square unit)
(A) 2e (B) e (C)1 (D) 2

= Marked questions are recommended for Revision.
* Marked Questions may have more than one correct option.

PART - | : JEE (ADVANCED) / lIT-JEE PROBLEMS (PREVIOUS YEARS)

2.n

3=

The value of I|m isj 1+t dtis [IT-JEE-2010, Paper-1 (3, —1)/84]
0
(A) 0 ®) i © — D) —
12 24 64
ExrI-x)t
The value(s) of _[ g dx is (are) [IT-JEE-2010, Paper-1 (3, 0)/84]
5 + X
22 2 71 3n
A —— B) — C)o D) ———
()7n ()105 (€) ()152

Let f be a real-valued function defined on the interval (0, «) by f(x) = ¢n x +j J1+sint dt. Then which

of the following statement(s) is (are) true? [IT-JEE-2010, Paper-1 (3, 0)/84]
(A) f"(x) exists for all x e (0, )

(B) f'(x) exists for all x € (0, o) and f’ is continuous on (0, «), but not differentiable on (0, «)

(C) there exists a > 1 such that |'(x)| < [f(x)| for all x € (a, «)

(D) there exists B > 0 such that |f(x)| + [f'(x)| < B for all x € (0, )

A
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4.

5.»

For any real number, let [x] denote the largest integer less than or equal to x. Let f be a real valued
function defined on the interval [-10, 10] by [IT-JEE-2010, Paper-1 (3, 0)/84]
H(x) = X —[X] .if [X] .is odd,
1+[x]-x if [x] is even

2 10
Then the value of % [ 1(x) cos nx dx is
10

Let f be a real-valued function defined on the interval (-1, 1) such that e~ f(x) = 2 + j Jt*+1 dt , for all
0

x € (-1, 1) and let f-' be the inverse function of f. Then (')’ (2) is equal to
[IT-JEE-2010, Paper-2 (5, —2)/84]

(A) 1 (B) (©) (D) —

e

w|—=
N =

Comprehension (6 to 8)
Consider the polynomial f(x) = 1 + 2x + 3x2 + 4x3Let s be the sum of all distinct real roots of f(x) and let t = |s|

6.=

7.5

8.»=

10.

The real number s lies in the interval. [NIT-JEE 2010, Paper-2, (3, -1), 79]
1 3 3 1 1

A |-—, O B) |11, - = C) |——, - = D) |0, —

W (-3 o] @ -3 o3 -3 o

The area bounded by the curve y = f(x) and the lines x =0, y = 0 and x =, lies in the interval
[IT-JEE 2010, Paper-2, (3, -1), 79]

3 21 11 21
A |-, 3 B) | —, — C) (9,10 D) |0, —
w (o8 @[50 ©eo o [0, 2
The function f'(x) is [NIT-JEE 2010, Paper-2, (3, -1), 79]
(A) increasing in (—t , %j and decreasing in (—% , tj
(B) decreasing in (—t , —%) and increasing in ( —%, tj
(C) increasing in (-, t)
(D) decreasing in (-, 1)
s xsinx?
The value of _[ —— 5- dx is [NT-JEE 2011, Paper-1, (3, -1), 80]
Jinz SINX™ +sin(/n6 — x°)
1 3 1 3 3 1 3
A) — /n = B) — /in = C)/n = D) — /n =
(A) 4 3 B) 5 n 3 () in 3 (D) & in 3

Let the straight line x = b divide the area enclosed by y = (1 —x)?, y = 0, and x = 0 into two parts R, (0 <

x<b)and R,(b<x<1)suchthat R, - R, = % .Thenbequals [IIT-JEE 2011, Paper-1, (3,-1), 80]

(A) (B) (©) (D)

1
4

w|—=

MW
N =

A
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11. Letf:[-1, 2] - [0, ») be a continuous function such that f(x) = f(1 — x) for all x € [-1, 2].
2
Let R, = _[x f(x) dx, and R, be the area of the region bounded by y = f(x), x = -1, x = 2, and the x-
-1
axis. Then [NIT-JEE 2011, Paper-2, (3, -1), 80]
(A) R, =2R, (B) R, =3R, (C) 2R, =R, (D) 3R, =R,

12.* If S be the area of the region enclosed by y = e, y=0,x=0,and x=1. Then
[NT-JEE 2012, Paper-1, (4, 0), 70]

1 1 1 1 1 1 1

A)S> — B) S>1-— C) S<—|1+—= D) S<——=+—=|1-—

Ve R @ssif) s al-g
/2

13. The value of the integral I (x2+,€n 7t+chosx dx is [NIT-JEE 2012, Paper-2, (3, -1), 66]
—ni2 n—X
2 2 2
A) 0 B) L -4 c) X 4 D) &
(A) (B) 5 (€) 5+ (D) 5

Paragraph for Question Nos. 14 to 15
Let f(x) = (1 —x)2 sin?x + x2 for all x € IR and let g(x) = I(M—ﬂntj f(t) dt for all x e (1, ).
1

14. Which of the following is true ? [NIT-JEE 2012, Paper-2, (3, -1), 66]
(A) g is increasing on (1, «)
(B) g is decreasing on (1, «)
(C) g isincreasing on (1, 2) and decreasing on (2, «)
(D) g is decreasing on (1, 2) and increasing on (2, «)

15. Consider the statements :
P : There exists some x € IR such that f(x) + 2x = 2(1 + x?)
Q : There exists some x e IR such that 2f(x) + 1 = 2x(1 + x)

Then
(A) both P and Q are true (B) Pistrue and Q is false
(C) Pisfalse and Qis true (D) both P and Q are false

16.*  If f(x) = je‘a(t—Z) (t-3) dt forallx e (0, ), then
0

A) f has a local maximum at x = 2 [IT-JEE 2012, Paper-2, (4, 0), 66]
B) f is decreasing on (2, 3)

C) there exists some ¢ € (0, =) such that f’(c) =0

D) f has a local minimum at x = 3

(
(
(
(

17. The area enclosed by the curves y = sinx + cosx and y = |cosx — sinx| over the interval {0, g} is

[JEE (Advanced) 2013, Paper-1, (2, 0)/60]

(W 4 (v2-1) B) 22 (V2-1)  (C) 2 (V2+1) (D) 22 (V2+1)
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18.=n Letf: E 1} — R (the set of all real numbers) be a positive, non-constant and differentiable function

|
such that f'(x) < 2 f(x) and f(%) = 1. Then the value of j f(x) dx lies in the interval
1/2
[JEE (Advanced) 2013, Paper-1, (2, 0)/60]

(A) (2e -1, 2¢) B)(e-1,2e—1)  (O) (97‘1 e-1j D) (o | 674]

(1B +2%+....+n?%)

19*.» For a € R (the set of all real numbers), a # -1, lim - =—._.Then
e (n+ 1) [(na+1)+(ha+2)+...+(na+n)] 60
a= [JEE (Advanced) 2013, Paper-2, (3, —1)/60]
-15 -17
A)5 B) 7 C) — D) —;
(A) (B) ©) = (D)
20.” Let f:[a, b] — [1, «) be a continuous function and let g : R — R be defined as
0 if  x<a,
g(x) = jf(t)dt if a<x<b,,Then [JEE (Advanced) 2014, Paper-1, (3, 0)/60]
.
[fodt it x>b.
(A) g(x) is continuous but not differentiable at a
(B) g (x) is differentiable on R
(C) g(x) is continuous but not differentiable at b
(D) g(x) is continuous and differentiable at either a or b but not both

1
.
e ( ‘] t .Then  [JEE (Advanced) 2014, Paper-1, (3, 0)/60]

21 Letf: (0, ) - R be given by f(x) = -

X | C— X

(A) f(x) is monotonically increasing on [1, ) (B) f(x) is monotonically decreasing on (0, 1)

(C) f(x) + f (1J =0, forall x e (0, ) (D) f(2) is an odd function of x on R
X
1 2
22, The value of j4x3 {;—2(1 - x2)5} dx is [JEE (Advanced) 2014, Paper-1, (3, 0)/60]
X
0
2
23. The following integral .[(ZCosecx)”dx is equal to [JEE (Advanced) 2014, Paper-2, (3, —1)/60]
i
log(1++/2) log(1++2)
(A) j 2(e* +e™)®du (B) j (e"+e)7du
0 0
log(1++/2) log(1++/2)
€ [ (e"-e*)7du D) | 2("-e*)®du
0 0
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245

25

26.

27.

28.

Paragraph For Questions 30 and 31
Given that for each a € (0, 1)

1-h
lim jt-a‘(1—t)a-1 dt
h—0* h

exists. Let this limit be g(a). In addition, it is given that the function g(a) is differentiable on (0, 1).
[JEE (Advanced) 2014, Paper-2, (3, —1)/60]

The value of g (;j is

T T
A B) 2 C) — D) —
(A) = (B) 2n () 5 (D) ,
The value of g’ (%j is
T T
A — B C)- = D)0
(A) 5 (B) = (€) 5 (D)
List | List I
[JEE (Advanced) 2014, Paper-2, (3, —1)/60]
P. The number of polynomials f(x) with non-negative integer 1. 8
1
coefficients of degree < 2, satisfying f(0) = 0 and jf(x)dx =1,is
0
Q. The number of points in the interval [—\/1_3\/1_3J at which 2. 2
f(x) = sin(x?) + cos(x?) attains its maximum value, is
2 2
R. [ 3 _ dx equals 3. 4
,(1+¢e%)
1/2
(J' cos2x|og H—X dxj
—1/2 1-x
S. s equals 4, 0
[Icostlog dex}
) —X
P Q R S
(A) 3 2 4 1
(B) 2 3 4 1
(@) 3 2 1 4
(D) 2 3 1 4

[x], x<2

Let f: R — R be a function defined by f(x) = { 0 5 where [X] is the greatest integer less than or

2 2
equaltox. I 1= [ gy | then the value of (41-1)is
L2+ f(x+1)

[JEE (Advanced) 2015, P-1 (4, 0) /88]

1
o = I(e9“3‘an1x)(1?+gx de where tan-' x takes only principal values, then the value of
5 +X

(Ioge 11+ —%j is [JEE (Advanced) 2015, P-2 (4, 0) / 80]

A
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29. Let f: R — R be a continuous odd function, which vanishes exactly at one point and f(1) =% . Suppose
that F(x) = jf(t) dt forallx e [-1, 2] and G(x) = jt [ f(f(t))| dt forallx e [-1, 2].
-1 -1

If Iimm = i then the value of f l is. [JEE (Advanced) 2015, P-2 (4, 0) / 80]
-1G(x) 14 2

30%. Let f(x) = 7tan®x + 7tan®x — 3tan‘x — 3tan2x for all x e (—g gj Then the correct expression(s) is (are)

[JEE (Advanced) 2015, P-2 (4, —-2)/ 80]

n/4 n/4 n/4 n/4

(A) jxf(x) dx = (B) jf(x) dx =0 (C) jxf(x) dx = (D) jf(x) dx =1
0 12 0 0 6 0
, 192x° . 1 h .

31m  Letf(x) =————F— forallx e Rwithf | —~|=0.1fm< J' f(x) dx < M, then the possible values of m
2 +sin” nix 2 A
and M are [JEE (Advanced) 2015, P-2 (4, -2)/ 80]
(A)m =13, M =24 (B)m=%,M=% (C)m==-11,M=0 (D)m=1,M=12

32*.» The option(s) with the values of a and L that satisfy the following equation is(are)

47
I e'(sin® at + cos* at)dt
0

0 —L? [JEE (Advanced) 2015, P-2 (4, —2)/ 80]
J‘e‘(sin6 at +cos” at)dt
0
4n 4n 4n _ 4n
Ma=2L=2""" @az2L=""*" (Caz4L=2""1 Dja-4L-2*
e" -1 e" +1 e’ -1 e" +1

Paragraph For Questions 39 and 40
Let F : R — R be a thrice differentiable function. Supose that F(1) = 0, F(3) = -4 and F'(x) <O forall x

(1/2, 3). Let f(x) = xF(x) for all x € R. [JEE (Advanced) 2015, P-2 (4, —2)/ 80]
33*.  The correct statement(s) is(are)

(A)f'(1) <0 B)f(2)<0

(C)f'(x)#0forany x € (1, 3) (D) f'(x) = 0 for some x e (1, 3)

3 3

34*.  If J'x2 F'(x)dx = —12 and.[x3 F"(x)dx = 40 , then the correct expression(s) is(are)
1 1

(A)9f'(3) +f'(1) =32 =0 ®) [foodx =12

(C)of'3)—-f'(1)+32=0 (D)

L0 — W

U9
X2+ Z

6
35. Let F(x) = J' 2cos®t dt forallx e Rand f: {O,ﬂ% [0, ) be a continuous function. For a e, {0%} if

F'(a) + 2 is the area of the region bounded by x =0, y =0, y = f(x) and x = a, then f(0) is

[JEE (Advanced) 2015, P-1 (4, 0) /88]
t2
dt=2x-1is

X

36.  The total number of distinct x e (0, 1] for which L .
+

0

[JEE (Advanced) 2016, Paper-1, (3, 0)/62]
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37.

38.

39" .=

40*.

41.x=

42*,

43*.

44.

2.2
The value of j x* cosx dx is equal to [JEE (Advanced) 2016, Paper-2, (3, —1)/62]
2 2
T T
(A 7= 2 ® o+ 2 (C) n2 — e™2 (D) 72 + e™2

Area of the region {(x,y) eR%:y> [|x+3,5y <x+9<1 5} is equal to
[JEE (Advanced) 2016, Paper-2, (3, 1)/62]

4 3
(B) 3 (©) > D) -

1
6 3

,forall x> 0. Then

[JEE (Advanced) 2016, Paper-2, (4, —2)/62]

1 1 2 f(3) _ f(2)
Af|=|>f(1 B) f| — |<f| = C)f(2) <0 D) —=>—F+
(A) (2) (1) (B) (?J (3] (C) () (D) 3) " 12)
Letf: R — (0, 1) be a continuous function. Then, which of the following function(s) has (have) the value
zero at some point in the interval (0, 1) ? [JEE(Advanced) 2017, Paper-1,(4, —2)/61]
x 2
- ff(t) sintdt (B) f(x) + jf(t) sin t dt
0 0

a

——X

(C)x— | f(t)cos tdt (D) x2 —f(x)

o t—n

Let f : R — R be a differentiable function such that f(0) = 0, f(g] =3andf'(0) =1. If

2
g(x) = j[f'(t)cosect—cottcosectf(t)]dt forx e (O, ﬂ,then Ixirrgg(x) =

[JEE(Advanced) 2017, Paper-1,(3, 0)/61]

j 1k *11 dx, then [JEE(Advanced) 2017, Paper-2,(4, —2)/61]
X +

(A) I > loge 99 (B) I < loge 99 C)1< % (D)1 > %

If the line x = a divides the area of region R = {(x, y) € R?: x3<y < x, 0 < x < 1} into two equal parts,

then [JEE(Advanced) 2017, Paper-2,(4, —2)/61]

(A)204—402+1=0 (B)o*+4a2—1=0 (C)%<a<1 (D)0<oc£%

If g(x) = j:i‘n”f”sin-%t)dt, then [JEE(Advanced) 2017, Paper-2,(4, —2)/61]

(A) g'[—gj =2n (B) g'[—gj -2t (0 g@ =2n (D) g@ = —2n
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45.=  For each positive integer n, let yn = %((n +1)(n+2) ... (n+n))"/n,
For x € R, let [x] be the greatest integer less than or equal to x. If limy, =L, then the value of [L] is.
n—oo
[JEE(Advanced) 2018, Paper-1,(3, 0)/60]

46.». A farmer F1 has a land in the shape of a triangle with vertices at P(0, 0), Q(1, 1) and R(2, 0). From this
land, a neighbouring farmer F2 takes away the region which lies between the side PQ and a curve of
the form y = x" (n > 1). If the area of the region taken away by the farmer F2z is exactly 30% of the area
of APQR, then the value of n is [JEE(Advanced) 2018, Paper-1,(3, 0)/60]

1

2 1+43

47. The value of the integral J - dxis
O((x+1P(1-x)°)*

[JEE(Advanced) 2018, Paper-2,(3, 0)/60]

48. The area of the region {(x, y) : xy <8,1<y<x?%is

(A) 16 loge 2 -6 (B)8Ioge2—§ (C) 16 loge 2—% (D)8Ioge2—%
2 n/4 d
49. [= = I K then find 2712 equals ....... [JEE(Advanced) 2019, Paper-1,(4, —1)/62]
n_J, (1+e°™)(2-cos2x)

X
50. Letf: R — R be given by f(x) = (x = 1)(x — 2)(x — 5). Define F(x) = If(t)dt, x > 0. Then which of the
0

following options is/are correct ? [JEE(Advanced) 2019, Paper-2 ,(4, -1)/62]

(A) F(x) has a local maximum at x =2
(B) F(x) has a local minimum at x = 1
(C) F(x) has two local maxima and one local minimum in (0, )

(D) F(x) = 0, for all x e (0, 5)

i 3+/cos0

51. The value of the integral J. _
o (Jcoso +sino)

z db equals [JEE(Advanced) 2019, Paper-2 ,(4, —1)/62]

52. ForaeR,|a|> 1, let

lim

= 54. Then possible value(s) a is/are —
n—oo 7/3 1 1
n 5+ 5 Fet ————
(na+1)° (na+2) (na+n)

[JEE(Advanced) 2019, Paper-2 ,(4,-1)/62]
(A) 8 (B) -9 (C)7 (D) -6
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PART - Il : JEE (MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)

Let p(x) be a function defined on R such that p’(x) = p’(1 — x), for all x € [0, 1], p(0) = 1 and p(1) = 41.

.
Then jp(x)dx equals [AIEEE 2010 (8, —2), 144]
0

(1) 21 (2) 41 (3) 42 @) &

The area bounded by the curves y = cos x and y = sinx between the ordinates x =0 and x = 3?“ is

[AIEEE 2010 (4, —1), 144]

(1) 42 +2 2) 42 -1 (3) 442 +1 4) 42-2
5n . t .
Forx e (o, ?j, define f(x) = j Jt sintdt. Thenf has : [AIEEE 2011, 1, (4, —1), 120]
0
(1) local maximum at = and 2. (2) local minimum at = and 2=

(3) local minimum at = and local maximum at 2x. (4) local maximum at = and local minimum at 2x.

15
Let [.] denote the greatest integer function then the value of J x [x®]dxis :
0

[AIEEE 2011, II, (4, —1), 120]

3
©) 7 4) —

(1o (@) 2

N |

The area of the region enclosed by the curvesy =x,x =€,y = % and the positive x-axis is

[AIEEE 2011, 1, (4, —1), 120]

(1) % square units (2) 1 square units (3) % square units (4) g square units
The area bounded by the curves y2 = 4x and x2 = 4y is : [AIEEE 2011, 11, (4, —1), 120]
32 16 8
1) — 2) — 3) = 4)0
(1) 3 2) 3 3) 3 4)
y

The area bounded between the parabolas x2 = 1 and x2 = 9y and the straight liney =2 is :

[AIEEE-2012, (4, —1)/120]

(1) 202 @) % 3) g (4) 1052
If g(x) = I cos4t dt, then g(x + n) equals [AIEEE-2012, (4, —1)/120]
(1) % (2) g(x) + () (3) g() — () (4) g(x) . g(n)

A
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9.

10.

11.

12

13.

14.

15.=

16.

17.=

/3
Statement-1 : The value of the integral J

dx
e+ Jtanx

b b
Statement-1l : . [f(x)dx =[f(a+b-x) dx

/\p

is equal to n/6. [AIEEE - 2013, (4, -1),360]

Statement-I is true; Statement-II is true; Statement-II is a correct explanation for Statement-1.
Statement-1 is true; Statement-1I is true; Statement-1II is not a correct explanation for Statement-1.

(1)
(2)
(3) Statement-I is true; Statement-II is false.
(4) Statement-I is false; Statement-II is true.

The area (in square units) bounded by the curves y = /x , 2y — x + 3 = 0, x-axis, and lying in the first

quadrant is : [AIEEE - 2013, (4, -1),360]
(1) 9 (2) 36 (3) 18 (4) 24—7
The integral I\/1+4sin2%—4sin§ dx equals : [JEE(Main) 2014, (4, — 1), 120]
0
(1) 43 -4 2) 4%-4-% @) n—4 (4) %—4—4\/97

The area of the region described by A = {(x, y) : X3 +y?<1and y2<1—-x}is:

[JEE(Main) 2014, (4, — 1), 120]

2 n 2 n 4 n 4
1) Z_=2 2) f,2 3) 42 g X2
W33 @273 B33 W33
. T logx® . .
The integral I 5 >-dx is equal to [JEE(Main) 2015, (4, - 1), 120]
5 logx® +1og(36 —12x + x°)
(12 (2) 4 (3)1 (4)6

The area (in sq. units) of the region described by {(x, y); y?<2x andy >4x — 1} is

[JEE(Main) 2015, (4, — 1), 120]

7 5 15 9
M 35 @ &4 ©) 52 “4) 35

The area (in sq.units) of the region {(x,y) : y2>2x and x? + y2 <4x,x >0, y > 0} is

[JEE(Main) 2016, (4, — 1), 120]

8 42 242 4
s @5 @25 Wr=3
1/n
lim ((””)(”:2“2) """" 3”] is equal to : [JEE(Main) 2016, (4, — 1), 120]
() 22 @ 2 (3) 3 log3 — 2 (4 18
e e e

The area (in sq. units) of the region {(x, y) : x>0 ,x+y<3,x2<4yandy<1 + N YR

[JEE(Main) 2017, (4, - 1), 120]

(5 @ 3 @) 3 )35
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18.

19.

20.x=

21,

22,

23. =

24,

25.

3n
1
The integral J‘ ] (cj:)(;s is equal to [JEE(Main) 2017, (4, - 1), 120]
+ X
1
(1) -2 (2) 2 (3) 4 (4) -1
2 §in2x
The value of I Y dx is: [JEE(Main) 2018, (4, — 1), 120]
+
2
(1) 4= @ 7 @ ¢ @72

Let g(x) = cosx?, f(x) = Jx , and a, B (o < B) be the roots of the quadratic equation 18x2 — 9nx + 2 = 0.

Then the area (in sg. units) bounded by the curve y = (gof) (x) and the lines x=a, x = andy =0, is
[JEE(Main) 2018, (4, — 1), 120]

(Va-+2) @ 1(2-1) @) ~(/3-1) (4) %(ﬁn)

b
Letl= j(x“ —2x%)dx . If Tis minimum then the ordered pair (a, b) is :

a

N =

(1)

[JEE(Main) 2019, Online (10-01-19),P-1 (4, — 1), 120]

(1) (0, ¥2) (2) (V2 —2) (3) (—v2,42) 4) (-2,0)
n/2
The value of _[ L , where [t] denotes the greatest less than or equal to t, is :
_n/z[x]+[smx]+4
[JEE(Main) 2019, Online (10-01-19),P-2 (4, — 1), 120]
1 3 3 1
(1 ) (7m-5) (2) 0 (4n-3) (3) 20 (4n—23) (4) s (77 + 5)

e 2x X
The integral J.{(gj —[E] }Ioge xdxis equal to
X
/

[JEE(Main) 2019, Online (12-01-19),P-2 (4, — 1), 120]
3 1 1 3 1 1 1 11 1

H2— - 2) 2_e—— 3) ——e—— 4) -

()2e2ez ()2 27 ()2 oz ()2e2e2

f(x)
Let f : R — R be a continuously differentiable function such that f(2) = 6 and '(2) = 4l8 Af J-G " 4t3%dt = 9
(x = 2) g(x), then Iim2 g(x) is equal to [JEE(Main) 2019, Online (12-04-19),P-1 (4, — 1), 120]
X—>

(1) 18 (2) 14 (3) 12 (4) 36

X
g(t)dt, where g is a non-zero even function. If f(x + 5) = g (x), then If(t)dt equals :
0
[JEE(Main) 2019, Online (08-04-19),P-2 (4, — 1), 120]

Let f(x) =

O ey X

X+5 x+5

(1) [oltht @ ?g(t)dt () 5 jg(t)dt (4) 2 | o(t)ct

X+5 X+5

A
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[+ (n+2)V3 (2n)3 ) _
26. r!Lw [ 73 + 473 et 73 is equal to :
[JEE(Main) 2019, Online (10-04-19),P-1 (4, — 1), 120]
3 3 3 4 4 4
1) 2 (@) - = 2) 2 (2)43 - = 3) —(2)* 4) —(2)%
()4() ) ()4() 3 ()3() ()3()
1
27.  The value of the integral Ixcot"(1 —x% +xM)dx is :
0
[JEE(Main) 2019, Online (09-04-19),P-2 (4, — 1), 120]
T 1 b1 T T 1
1) =——log, 2 2) —-log, 2 3) =-log, 2 4) ———log, 2
(1) 5-5l0% (2)  ~log (8) 5-log (4) 4 510%
28. The area (in sq. units) of the region bounded by the curves y = 2Xand y = |x + 1|, in the first quadrant is
[JEE(Main) 2019, Online (10-04-19),P-2 (4, — 1), 120]
3 1 3 1 3
1) —— 2) — 3) — 4) log.2+—
M 3 oaz @ 3 ®) 3 (4) loge 2+
29. If f(a + b + 1 —x) =f(x), for all x, where a and b are fixed positive real numbers, then
b
( 1 o) Ix(f(x) +f(x +1))dxis equal to [JEE(Main) 2020, Online (07-01-20),P-1 (4, — 1), 120]
a+
a
b+1 b-1 b+1 b-1
(1) J.f(x +1)dx ) J.f(x +1)dx (3) J.f(x)dx (4) jf(x)dx
a+1 a-1 a+1 a-1
30. For a > 0, let the curves C+: y2 = ax and C2 :x2 = ay intersect at origin O and a point P. Let the line x = b
(0 < b < a) intersect the chord OP and the x-axis at points Q and R, respectively. If the line x = b bisects
the area bounded by the curves, C1 and Cz, and the area of AOQR = % then 'a’ satisfies the equation :
[JEE(Main) 2020, Online (08-01-20),P-1 (4, —1), 120]
(1)x6-12x3-4=0 (2)x6-6x3+4=0 (B)x6—-12x3 +4=0 (4)x6+6x2-4=0
2
31. IfI= J' ax , then [JEE(Main) 2020, Online (08-01-20),P-2 (4, —1), 120]
N2X -9 +12x + 4
1 1 1 1 1 1 1 1
1) —<P< — 2 — <P< — 3) = <P< — 4) — <2< —
Wg<F<3 @6 <" 3 g <F<y W3 <3

32. Let a function f : [0, 5] — R be continuous, f(1) = 3 and F be defined as : f(x) = thzg(t)dt,where

t
g(t) = Lf(u)du. Then for the function F, the pointx =1 is :

(1) a point of local minima

(3) not a critical point

[JEE(Main) 2020, Online (09-01-20),P-2 (4, —1), 120]
(2) a point of local maxima.
(4) a point of inflection.
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Bl Answers
EXERCISE - 1
PART-I

Section (A) :

.10 .
At () - (i) N2 -1
A-2. (i) T (i) % (iii)4+n5 (iv) %

L =2 o1 e L T2
A-3. (i) 5 (i) Efn (Ej (iii) e
A4 (i) n(\3) (i) 7/6 (iii) g

LT . 4-7 f T » . 1
A-5. (i) > —-(n2 (i) VA (|||)—§ (b-a) (iv) (1 \E] n4

N T ) 9 N/
A-6. (i) ) (ii) 3~ 2 (n2 (iii) £n [gj (iv) >

1

(v) 20 m 3

: o 1
A-7 (i) n 11 (ii) 3
Section (B) :
B-2. ()5- 2 -3 (i) 22 (iii) 9 (iv) 4

(v) cot1 (vi) 29 (vi) cos1+cos2+cos3+3
B-3. ()2e-2 (i) 2 -2 (iii) 6T\E/2?_>

(iv) 0 (v) 0

N T T Ly A . T
B-4. (i) 1 (ii) 1 (iii) > (iv) (a +b) 2 (v) 0
B-5. ()0 (i) g (iii)—g /m2  (iv) nfn2
B-6. (i) g (ii) 40 (i) n—1 (iv) 4n
Section (C) :
Cc1. (i) 42 (i) 12 (iii) {@ - 1J T

3 4

c-2. (i)1,3 C-3. 52 C-4. % C5 e

. 4 . 8n I . 2
C-6 (i) 5 (i) 5 (iii) > (iv) —
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Section (E) :
E-1. () g (ii) 2 (iii) 12

Section (F) :

51 . . 4 4
F-1. — Q. unit F-2. - —— — 9

2 g. uni (i) 5 o (ii) 120 (i) 9=
F-3. 4/3 sq. units F-4. (e+1)2 T

1+x

F-5. ()3 (x-2) (i) %
F-6. 3 4 sg. units F-8. 4 sq. units F-9. 16 sq. units

log.2 3 3

PART-II

SECTION (A) :
A1l. (A) A2 (C) A3 (C) A4 (C) A5 (D) A6 (A A7. (B
A8. (A) A9. (A) A10. (B) A-11. (D) A12. (C) A-13. (C)

Section (B) :

B1. (C) B-2. (C) B-3. (D) B-4. (C) B-5. (D) B-6. (A) B-7. (B)
B-8. (D) B-9. (C) B-10. (A) B-11. (C) B-12. (A) B-13. (C)

Section (C) :

Cc-1. (A c-2. (B) c-3. (B) c-4. (D) C-5. (B) c6. (C) C-7. (C)
c-8. (B) Cc9. (D) C-10. (A)

SECTION (D) :

D-1. (C) D-2. (B) D-3. (C) D-4. (A

SECTION (E) :

E-1. (D) E-2. (B) E3. (C) E4. (O E-5. (D)

Section (F) :

F1. (C) F-2. (D) F3. (C) F4 (A F5. (C) F-6. (B) F-7. (A
F-8. (A F9. (C) F-10. (D)

PART-III
1 A-q, B-s, C-p, D-t
2 (A) = (), (B) > (s), (C) = (), (D) — (p)

EXERCISE - 2

PART-I
1. (C) 2. (B) 3. (A) 4, (C) 5. (D) 6. (A) 7. (D)
8. (B) 9. (C) 10. (D) 11. (A) 12. (B) 13. (B) 14. (C)
15. (B) 16. (C) 17. (C) 18. (B) 19. (C) 20. (A) 21. (A)
22, (A) 23. (D) 24. (D) 25. (D) 26. (B) 27. (A) 28. (D)
29. (B) 30. (A)
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PART-II
1. 00.20 2. 21.33 3. 10.00 4. 29.00 5. 00.78 6. 04.00
7. 07.38 or 07.39 8. 01.15 9. 00.00 10. 01.57 11. 02.66 or 02.67
12 16.00 13. 25.00 14. 00.78 15. 01.82 or 01.83 16. 05.00
17. 05.82 or 05.83 18. 18.84 or 18.85 19. 02.50 20. 00.00

21, 00.16 or 00.17 22. 22.00 23. 13.92 or 13.93

PART-III
(AC) 2 (ABCD) 3 (AB) 4 (AB) 5. (ABC) 6. (ABC)

7. (AB) 8. (BD) 9 (BCD) 10. (BC) 11. (AD) 12.  (ABCD)
13. (ABCD)14. (ABD) 15. (AD) 16. (AC) 17. (AB) 18.  (BD)
19. (ABD) 20. (AD) 21 (AC) 22. (BC) 23. (ACD) 24. (ABC)
25. (ABCD)26.  (ABC) 27 (ABCD)28.  (AD) 29. (AB) 30. (BD)

PART-IV
1 (®) (A) (A) 4 D) 5 (A) 6 (BC)
7 Cc) 8 (B) (D)

EXERCISE - 3

PART-|
1 (B) 2 (A 3 (BC) 4. 4 5 (B) 6. ©c T (A)
8 B) 9 (A) 10. (B 11. (C) 12. (ABD) 13. (B) 14. (B)
15, (C) 16. (ABCD)17. () 18. (D) 19. (B) 20. (AC) 21. (ACD)
22. (2 23. (A) 24. (A) 25. (D) 26. (D) 27. O 28. 9
29. 7 30. (AB) 31 (D) 32. (AC) 33. (ABC)34. (CD) 35 3
36. 1 37. (A 38 (C) 39. (BC) 40. (CD) 41. (20 42. (BD)
43. (AC) 44. (BONUS)45. (1) 46. (4 47. (20 48. (C) 49. (4)
50. (ABD) 51.  (0.50) 52.  (AB)

PART-II
1. 1) 2 @) 3. @) A (3) 5. (3) 6. @ 7 3)
8. 23) o. @ 10. (1) 1. (@ 12. (3 13. (3 14 (4
5. (1) 16. (1) 17. (4 18 (2 19. (2 20. (3 21. (3
2. (3 23. (2 24 (1) 25 (2 2. (1) 27. (2 28 (1)
2. (2 3. (3 31. (@ 32. (1)
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Il High Level Problems (HLP) |

2 2
1. Find the integral value of a for which I(sinx +acosx)3dx — 4a jxcosxdx =2
0 m-24
2. Evaluate : I\/(cosx +c082X +c0s3x)? + (sinx + sin2x + sin3x)?dx
0
]
3. Let o & B be distinct positive roots of the equation tanx = 2x, then evaluate jsin(ax).sin([}x)dx
0
a
4, Evaluate lim I(cosx)ln(cos x)dx
a—{Ej 0
5. Find the value of a(0 < a < 1) for which the following definite integral is minimized.

™
Ilsinx—axldx
0
1

3n n s L
6. Find the Lim > Cy where 'C;j is a binomial coefficient which means I'(I, 1,)""(| I+1)
now| G j-(j=1....2.1
7. Showthat |f (E+§j.’m—xdx:(na It (9+i].d—x
5 X a X 3 X a X
]
n
8. Evaluate lim n? J‘ (2014 sinx +2015 cosx) | x | dx
n—oo
’
“n
]
i 2
9. Let sequence {a,} be defined as a, = ik a, = J-(cos(nx)+an_1) cosnx dx, (n=2, 3,4, ....... )
0

then evaluate lim a,
n—oo
.
10. Find f(x) if it satisfies the relation f(x) = e* + j(x+ ye™) f(y) dy.

0

1/4B 4
11. Evaluate : j X + cos™ ( 2X2j dx.
B 1-x 1+x

12. Evaluate 1 1 dx
o(5+2x—2x2) (1+e(2’4x))
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Prove that for any positive integer k ;
sin2k x
sinx

n/2
j sin (2kx). cot x dx =g .

0

=2 [cOS X + COS 3X +..... + c0s (2k — 1)x]. Hence prove that;

P
Prove that Limit 1 cos® =~ 4 cos2p@ + cos?® 3z F o + cos® X =11
nowo 2n 2n 2n 2

where I denotes the continued product and p € N.

If n> 1, evaluate j dx

0 (x+,f1+x2)
Let f(x) be a continuous function ¥V x € R, except at x = 0 such that _[f(x)dx , a € R exists. If
0

g(x) = i @ dt, prove that i g(x) dx = _T f(x) dx

n 2 2 _
Given that lim log,(n” +r7) 2log, n
n—oo — n

= loge2 + g— 2, then evaluate :

M —— [(n? + 12)7 (% 4 22)7 ....... (2n2)m]'.
n—oo N

n/4
For a natural number n, let a_ = j (tanx)*"dx
0

Now answer the following questions :
(1) Express a,_, interms of a,

(2) Find lim a,
n
(3) Find lim > (-1 (a,+a,_,)
=

2
LS

0 f
Given that "ma—ﬂ = 1, then find the values of a and b
x>0 px —sinx

Prove that m sin x + jsecmt dt>(m+1)x Vxe (O, gj meN
0

f(x) is differentiable function: g(x) is double differentiable function such that |f(x)| < 1 and g(x) = f’(x). If
2(0) + g?(0) = 9 then show that there exists some C e (-3, 3) such that g(c) g" (c) <0

Draw a graph of the function f (x) = cos ' (4x® — 3x), X € [-1, 1] and find the area enclosed between the
graph of the function and the x—axis as x varies from 0 to 1.

Consider a square with vertices at (1, 1), (-1,1), (-1, =1) and (1, —1). Let S be the region consisting of
all points inside the square which are nearer to the origin than to any edge. Sketch the region S and
find its area.

/\
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24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

If [x] denotes the greatest integer function. Draw a rough sketch of the portions of the curves
x2=4[Jx] y and y?=4[\fy] x that lie within the square {(x, ) | 1 <x <4, 1 <y < 4} Find the

area of the part of the square that is enclosessd by the two curves and the line x + y =3

Find the area of the region bounded by y = f(x) , y = | g(x) | and the lines x =0, x = 2, where f', ‘g’ are
continuous functions satisfying f(x + y) = f(x) + f(y) - 8xy vV x,y € R and
g(x+Yy)=9(x) +g(y) + 3xy (x +vy) x,y € Ralso f(0) =8 and g’(0) = — 4.

-2 , -3<x<0

Let f(x) = {X o 0<x<g  Whereg(x) =min{i(x)) + [f()], {(x) — [FCL}

Find the area bounded by the curve g(x) and the x-axis between the ordinates x = 3 and x = 3.
Find the area of region {(x, y):0<y<x*+1 0<y<x+1 0<x <2} .

A curve y = f(x) passes through the point P(1, 1), the normal to the curve at Pis a(y — 1) + (x—=1) = 0. If
the slope of the tangent at any point on the curve is proportional to the ordinate of that point, determine
the equation of the curve. Also obtain the area bounded by the y-axis, the curve and the normal to the
curve at P.

Find the area bounded by y = [- 0. 01 x* — 0.02 x2], (where [ . ] G.I.F.) and curve 3x? + 4y? = 12, which
lies below y = —1.

Let ABC be a triangle with vertices A(6, 2(+/3 + 1)), B(4, 2) and C(8, 2). If R be the region consisting of
all these points and point P inside AABC which satisfy d(P, BC) > max. {d(P, AB), d(P, AC)}
where d(P, L) denotes the distance of the point P from the line L. Sketch the region R and find its area.

Find the area of the region which contains all the points satisfying the condition |[x —2y| + [x + 2y| <8
and xy > 2.

Find the area of the region which is inside the parabola y = — x> + 6 x — 5, out side the parabola
y =—x2 + 4x — 3 and left of the straight line y = 3x — 15.

Consider the curve C:y = sin 2x —+/3 |sin x|, C cuts the x—axis at (a, 0), x (- 7, 7).
A .

1.

A .

5 -

The area bounded by the curve C and the positive x —axis between the origin and the line x = a.
The area bounded by the curve C and the negative x — axis between the line x = a and the
origin. Provethat A +A,+8A A, =4.

Area bounded by the line y = x, curve y = f(x), (f(x) >x V x> 1) and the lines x = 1, x =t is
(t+ 1+ —(1+ 2) ¥t > 1. Find f(x) for x > 1.

Consider the two curves y = 1/x2and y = 1/[4 (x-1)].

(i) At what value of ‘a’ (a > 2) is the reciprocal of the area of the figure bounded by the curves, the
lines x =2 and x = a equal to ‘a’ itself ?
(i) At what value of ‘b’ (1 < b < 2) the area of the figure bounded by these curves, the lines

x=band x =2 equalto 1-1/b.

A
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Definite Integration & Its Application / “_

36.

37.

38.

39_.

40._.

Let C, and C, be the graphs of the functions y = x2 and y = 2x, 0 < x < 1 respectively. Let C, be the
graph of a function y = f(x), 0 <x < 1, f(0) = 0. For a point P on C,, let the lines through P, parallel to the
axes, meet C, and C, at Q and R respectively (see figure). If for every position of P (on C,), the areas of
the shaded regions OPQ and ORP are equal, determine the function f(x).

Y

(172, 1)

0, 1) (1,1)

C,

0,0) (1,0

Given the parabola C : y = x2. If the circle centred at y axis with radius 1 touches parabola C at two
distinct points, then find the coordinate of the center of the circle K and the area of the figure
surrounded by C and K.

42> 4a 1 |[f(-1) 3a® +3a
If | 40> 4b 1 f(1) | = | 3b® +3b |, f(x) is a quadratic function and its maximum value occurs at a
4c® 4c 1 || f(2) 3c?+3c
point V. A is a point of intersection of y = f(x) with x-axis and point B is such that chord AB subtends a
right angle at V. Find the area enclosed by f(x) and chord AB.

a by
f(x) and g(x) are polynomials of degree 2 such that J-(f(x) —)dx| = j (g(x) = 1)dx
aq b,

where a1, a2 (a2 > a1) are roots of equation f(x) = 1 and b1, b2 (b2 > b1) are roots of equation g(x) = 1. If
f’(x) and g''(x) are positive constant and

a, a, b, b,
jf(x))dx =(a,~a,)—- j(f(x)—1)dx but _[g(x))dx # (b,—b,) - j(g(x)—1)dx then
ay ay b, b,
(A) f"(x)] < 19" (X)| (B) [f"(x)| > 19" (X)| (C)az—ai>b2—b1  (D)az—ai >b2—bs
. . 2 2
LetL=4x—5y Li= ~+Y L 1ne XY, L ange= X 1Y 4,
10 8 n 10 8 n 50 32

Let Ai represents the area of region common between Li-1 >0, Li<0, E<0and L <0;

A'i represents the area of region common between L'i-1 <0, Li>0, E<0andL <0;

Bi represents the area of region common between Li-1 >0, Li<0,E<0Oand L > 0;

B'i represents the area of region common between L'i-1< 0, L'i > 0, E < 0 and L > 0, then value of
(At +A2+As+As+ ... )+ (Bi+B2+Bs+ B4+ ... ) is equal to.

/\
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Definite Integration & Its Application /

1. -1 2 LN ) 3. 0 4. m2 -1 5. a= ﬁsin(ij
3 7 N2

6. 27 g, 2015 9. 40, ¢

16 4(r-1) 2(e-1)

T n° T 1 1 \m +1 n
11. —/n ([2+43 )+ — - — 12. - — /N —— 15.

4 (2+48) 12 3 2 i1 i n* -1

24e” " 1 T
17. 18. 1) ——-a, (2)0 3) —

(ez] (1) 5——=-2, @0 @)
19. a=4,b=1 22, 3 (/3 -1) sq. units 23. %(16\/5—20)
24. E 25. i 26. @

3 2

27. 28 28.  yoew-n 148 -1

6 a 2a
29. 2 3sin™ F 22 30. 43 31.  2(6-2log 4)

3 3 3

73 X
32. — 34 1+x+ .

6 J1+x2
35. (i) a=1+¢? (ii) b=1+e72 36. f(x) =x®—x?
37. centre (O, %j and area = ;\/5—— 38. % square units
39. (A,C) 40. 201
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